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CTpykTypa CyIIeCTBEHHOIO CIIeKTpa 1
JINCKPETHBIN CHEKTP ollepaTopa dHEPTUuM INeCTu
3JIEKTPOHHBLIX CUCTeM B Mojdean Xabbapaa.

IlepBoe cunraernoe cocrosHue!
C. M. Tammnynaros (Tamkenrt, ¥Y36ekucraH)
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PaccmarpuBaeTcs oneparop SHEPTHUH IMECTH JIEKTPOHHBIX CHCTEM B Moaean Xabbap-
JIa ¥ KCCJTETyeTCsT CTPYKTYPa CYIIECTBEHHOTO CIIEKTPA U JUCKPETHBIN CIIEKTDP CHCTEMbI
B OJIHO W3 CHHTJIETHBIX cocrosinuii. [lokazano, 9T0 B OIHOMEPHOM CJIydae, CyIIeCTBeH-
HBII CIIEKTP CUCTEMBI B PACCMATPUBAEMOM CJIYyYae, COCTOUT U3 OObEIWHEHUH CeMbHU
OTPE3KOB, & IUCKPETHBIN CIEKTP CUCTEMBI COCTOUT U3 HE DOJIee OHOTO COHCTBEHHOTO
sHadenne. B TpexmepHOM ciiydae, b0 CyIIeCTBEHHBIH CIEKTP CHUCTEMBI COCTOUT U3
oObeIMHEHNH CEeMbH OTPE3KOB, a JIMCKPETHBIH CHEKTP CHCTEMbI COCTOUT U3 He Oosee
OJIHOTO COOCTBEHHOTO 3HAYEHWsI, JINOO CYIIECTBEHHBIN CIEKTP CUCTEMBI €CTh 00beIn-
HEHUI YeThIPEeX OTPE3KOB, & JUCKPETHBIN CIEKTP CHCTEMBI ITyCT, JTUOO CyIIeCTBeHHBIH
CTIEKTP CUCTEMBI €CTh OObEIUHEHN IBYX OTPE3KOB, a JUCKPETHBIN CIEKTP CHCTEMBI
mycr, JinbO CYIIECTBEHHBIM CIEKTP CUCTEMBI COCTOUT W3 EJUHCTBEHHOTO OTPE3KA, a
JVCKPETHBIN CIEKTP CHCTEMBI MYCT.

Kaouesnie crosa: momenn Xabbapma, MIECTH JIEKTPOHHAS CHCTEMA, CYIIEeCTBEHHbIH
CTEKTP, AUCKPETHBIN CIEKTD, CHHTJIETHOE COCTOSTHUE.
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We consider of the energy operator of six electron systems in the Hubbard model and
investigated the structure of essential spectra and discrete spectrum of the system in
the first singlet state. Show to in the one-dimensional case, the essential spectra of
the system is consists of the union of seven segments, and discrete spectrum of the
system is consists of no more than one eigenvalue. In the three-dimensional case, or
the essential spectra of the system is consists of the union of seven segments, and
discrete spectrum of the system is consists of no more than one eigenvalue, or the
essential spectra of the system is consists of the union of four segments, and discrete
spectrum of the system is empty set, or the essential spectra of the system is consists
of the union of two segments, and discrete spectrum of the system is empty set, or the
essential spectra of the system is consists of single segment, and discrete spectrum of
the system is empty set.

Keywords: Hubbard model, six-electron system, essential spectra, discrete spectrum,
singlet state.
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Introduction

In the early 1970s, paper [1|, where a simple model of a metal was proposed
that has become a fundamental model in the theory of strongly correlated
electron systems. The model proposed in [1] was called the Hubbard model
after John Hubbard, who made a fundamental contribution to studying the
statistical mechanics of that system. The Hubbard model is currently one of
the most extensively studied multielectron models of metals [2|. Therefore,
obtaining exact results for the spectrum and wave functions of the crystal
described by the Hubbard model is of great interest. The spectrum and
wave functions of the system of two electrons in a crystal described by the
Hubbard Hamiltonian were studied in [2]. The spectrum and wave functions
of the system of three and four electrons in a crystal described by the
Hubbard Hamiltonian were studied in [3] and [4]. The spectrum and wave
functions of the system of five electrons in a crystal described by the Hubbard
Hamiltonian were studied in [5].
Hamiltonian of considering system has the form

H:AZCL am7+BZ myam+m+UZ mTam,Ta 10m,|-

m,T,Y

Here, A is the electron energy at a lattice site, B is the transfer integral
between neighboring sites (we assume that B > 0 for convenience), 7 which
means that summation is taken over the nearest neighbors, U is the parameter
of the on-site Coulomb interaction of two electrons, « is the spin index, and
a;:m and a,, are the respective electron creation and annihilation operators
at a site m € Z%. In the six-electron systems exists singlet and triplet and
quintet and octet states. The Hamiltonian H acts in the antisymmetric Fo’ck
space H,s. Let g be the vacuum vector in the space Hs.

Main results

The first singlet state corresponds the basis functions 1321’n7p’q7r7t =

,T ;L’T ;T CL Mauc,po The subspace 17:28, corresponding to the
ﬁrst singlet state is the Set of all vectors of the form 'if =
D mnparted” Flm,n,p,q,r,t)'s° S pard F € 195, where 12° is the subspace
of antisymmetric functions in the space 5((Z)9).

Theorem 1. The subspace 17’_20 15 tnvariant under the operator H, and the

restriction VH of H to the subspace 17—[0 15 a bounded self-adjoint operator.
It generates a bounded self- adjoint operator 1HO, acting in the space 15°.
In the quasimomentum representation, the operator 1H0 acts in the

Hilbert space L3*((T%)5) as (\Hi f)(X, 11,7y, 0,1, €) = {6A+2A 3" [cos A+
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cos,ul—kcos%—kcosﬁ—|—cos771—|—cosfz]}f()\ w7y, 0,n,€) —I—UfTV[f(s Ly Yy A+

—5,1,E)+ [ (5, 117, 0, A0 —5,6)+ [ (5,117, 0,m, A\ +E=5)+ [(\, 5,7, i+

—5,0,0)+ [\ 5,7, 0, ptn—5,)+F(N 57,0, 6= 5)+ F(\ 1, 5,7+
9 S, &)+ FOA ,8,0,7+1— 5,8+ F(\ 8,0 77,7+€—s)]d3, where

9% is the subspace of antisymmetric functions in LQ((TV) ).

Theorem 2. Let v = 1 and U < 0. Then the essential spectrum of
operator H{ is the union of seven segments: oess(*HZ) = [a+c+ e, b+ d +
flUla4+c+z3,0+d+2z3]Uja+e+ 22,0+ f + 29] U [a+22+23,b+22+23]u
[ctet+z,d+ f+a]U[c+ 21+ 23, d+ 21 + 23] U e+ 21+ 20, f + 21+ 22], and
the discrete spectrum of operator LH§ is consists of no more one eigenvalue:
0 gise(! PNIO) = {21 + 22+ 23}, o1 ogise(! ﬁo) = (), here and hereafter a = 2A —
4Bcos b—2A+4BCOSA— c=2A-— 4BCOSA— d—2A—|—4BCOS— e=

2A—4Bcos%, — 2A + 4B cos ks ,andz1:2A—\/9U2—|—16320082%,
22:2A—l—\/9U2+16BQCOSQA22,,23:2A—\/U2+16B2COSZ%.

Let v =3, A1 = +pu, Ao =v+0, A3 =n+& and A; = (AV AV AY), i =
1,2,3;

0

4B cos AL A9 A9
Theorem 3. a). If U < 0, and U < ——= 2, cos 5t > cos =, and
AO
AY A 4B 2 AY A9 A9 A9
cos 5+ > 3cos 3, orU < —%, cos 5+ < cos %, and cos 5 > 3cos 5,
12B A AY :
or U < —%, and cos 5+ < 3cos, then the essential spectrum of

operator 1H05 is consists of the union of seven segments: ooss(*HE) = a1 +
Cl+61,b1+d1+f1] U [a1+01+2:;,b1+d1+2£3] U [a1+61+2/2,b1+f1+2/2]
Mﬁwﬁw5h+@+éwkﬁwﬁwLm+ﬁ+é]kﬁwﬁa&¢+q+%w
lex + 2 + 29, f1 + 2, + 2], and dzscrete spectrunm of operator 1HO of no more
one eigenvalue: ogis.(1HS) = {z1 + 2y + 23}, or adwc( Ho) = (). Here, and
hereafter a; = 2A — 12B cos A , b = 2A+ 12Bcos ¢ = 2A 12B CoS A—g

di = 2A+1ZB cos2 e = 2A 12B cos —, fi= 2A+1QB cos X , and zl, ,22,

and z3 are the ezgenvalue correspondingly, of the operators H2A , H ,» and
Hiy,.

AY AY
4B cos =+ 4B cos =2 AY A9 A9 A
b). If— 2 <U < ——=y2, cos 5 > cos 3, and cos 5> > 3 cos 3,
O
4B cos =2 4B cos =L AY AY AY A9
or —— 7 < U< _T2’ cos 5+ < cos 5, and cos 5+ > 3cos 3, or
O 0
12B cos = 4B cos 2L AY A9 AY A9
——— =+ S U < ———52, cos3 < 3cos 3, and cos 5 > cosF, or
A9 A9
12B cos =2 4B cos =2 AY A9 AY A9
——— = S U < ——2, cos 3¢ < 3cos 3, and cos 5t < cosF, or
A0 A0
_ 4Bcos 71 12B cos = AV A9 AY A
7 S U < ——7%, cos3t > 3cos3, and cos 3+ > cos =, or
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%, COSA?? > 3605%, and COSAT(1J < cos— then
the essential spectrum of the operator 1HO 15 consists of the union of four
segments: 0655(1]{8) = [CL1 +c+ e, by +d + fl] U [Cll +c1 + Z;), by +d; +
zlUler + e+ 21, di + fi+ 2| Uler + 2, + 23, d1 + 2, + 23], or 0o (PHS) =
[a1+01+61,b1—1—d1+f1]U[a1+cl+zé,bl+d1+zé]U[a1+el+z;,b1+f1—|—
/2] [CL1+Z2—|—Z3,Z)1—|—Z2—|—23] or Uess( HO) [a1+01+€1,b1+d1+f1]

[@1+61+22,bl+f1+ZQ]U[C1—|-€1—|-Z1,d1+f1+21]U[61+21+22,f1+21+22]

and the discrete spectrum of the operator 1H0 15 empty set.
0

AY A
4B cos -2 12B cos = AY A9 A9
¢)Iff ——=% < U < ———+%,co A > cos, and cos 5 > 3cos 3,

W= W 2
4B cos A 128 cos A3 A9 AY AY A9
or —— = S U < —TQ,00871 < cos 3, and cos 3 > 3cos
A9 A9
4B cos =L 4B cos =2 A AY AV A9
or ——= S U < ——= 5%, cos5t > cos, and cos 5 < 3cos 3,
A9 A9
4B cos =2 4B cos =L AY A AY A9
or —— = S U < ——=5%, cos 3+ < cos 3, and cos 3 < 3cos 3, or
A9 A9
12B cos =2 4B cos =2 A9 AJ AY A9
/" 2 - =" 2 jutad -1 2
7 < U < 7 50082>30052,a0ndcos2>COS2,
A
A9 AQ 12B cos =2 4B cos 71 A9 A9
cos 5 < 300873, or = < U < —— 7%, cos35t < cos 3,
A9 AY
cos 5+ > 3cos 5 2 : cos—1 < 3008 , then the essential spectrum of operator

the operator 1H0 is the union of two segments: 0ess(VHE) = a1 +c1+e1, by +
di + fi]Ular + c1 + 23,y + dy + 23], or 0ess(PHE) = [ag + 1 + ey, b1 + dy +
fl] U [a1 + €1 + 2/2, bl + f1 + 2/2], or UQSS(IHS) = [CLl + C1 + €1, bl + dl + fl] U
[c1+ e +Z/1, dy+ fi +z/1], and discrete spectrum of the operator 1ﬁ5 15 empty
set.

AO
12B cos =2 AY A9 A9 A9
d). If ———=7% < U < 0,cos 3 > cos=3 and cos 5 > 3cos, or
O
A A0 A9 AY 4B cos 2 A9 A
cos 5+ < cos 5 and cos 5+ > 3cos 5, or —TZ’ < U <0,cos 5 > cos
AO
A9 A9 AY A9 A9 4B cos =L
and cos 5+ < 3cos 3, or cos 5t > oS *, CoS 1 > 3cos 3, or —— = <
AY A AY A A9 AY
U < 0,cos ) < cos & and cos 5 < 3cost, or cos4 < cos=, and

cos A— > 3COS , then the essential spectrum of the operator 1HO 1S consists
of a Szngle segment. Oess(LHE) = |a1 + 1 + e1,b1 + di + fi], and discrete
spectrum. of the operator VHE is empty set: ogsc(*HS) = 0.
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