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Introduction

We study an inverse spectral problem of recovering the coefficients in the
quadratic pencil

—y" + q(z)y + 2\p(x)y = z € (0,m), (1)

where p € Ly(0,7) and ¢ € W, (0, 7). The latter means ¢ = o’ in the sense
of distributions for some o € L2(0,7r). In the case of singular coefficients,
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inverse spectral problems of recovering the quadratic pencils were studied
in the works [1,2]. We rewrite and study equation (1) in the form with
quasiderivative yl!l := ¢/ — oy, as it was done in [1,2].

We consider the following boundary conditions:

y(0) =0, ANYI(T) + f(Ny(r) =0, (2)

where fi1(A) and f3(\) are known entire functions. The reason for using
conditions (2) is that they allow to unify studying partial inverse problems.
In [3], it was shown that partial inverse problems for Sturm-Liouville
operators of various classes reduce to recovering their potentials by
subspectra of the boundary value problems with conditions (2).

Our aim is to study the inverse problem of recovering the pencil (1) with
the boundary conditions (2) by a subspectrum {\,},>1 and some number
giving information on p :

Inverse problem 1. Given {\,},>1 and (wymod 1), recover the
coefficients p and gq.

Here, we apply the technique developed in [3] to studying this inverse
problem. We find the conditions on a part of the spectrum under which
Inverse Problem 1 has a unique solution. These conditions include the
completeness of certain functional sequences. Under them, we obtain a
uniqueness theorem for Inverse Problem 1. Then, we provide an example
of the partial inverse problem to which these results are applicable.

Preliminaries

Let S(z,\) be the solution of equation (1) satisfying the initial conditions
S(0,A) =0, SM(0,\) = 1. The following representations hold, see [2]:

S(m\) = Sm(i —wo) % / KC(t) exp(iXt) dt,

SH(r,N) = cos (A — wy) + /W N (t) exp(iAt) dt,

(3)

where wy = }Tfoﬂp(s) ds and IC,N € Lo(—m, ). As the piece of the input

data for Inverse Problem 1, we take the fractional part (wy mod 1) of wy.
First, we note that a number A is an eigenvalue of the boundary value

problem (1), (2) if and only if it is a zero of the characteristic function

A = fLN)SM (7, A) + fo(N)S(, A). (4)

Consider a sequence { A }r>1 such that A(A\z) = 0 and each \j, occurs in the
sequence not more times than its multiplicity as zero of A(\). We call such
sequence {A;}r>1 a subspectrum.
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Put A\g := 0 and introduce the notations
Sx={n>0: N\, # X\, VE:0<Ek<n}, my,=#{k>0: s =\ }
We assume that equal numbers in the sequence {\j}xr>o follow each other:
A= Aps1 = . = Augmy -1, T ES).
Consider the Hilbert space of complex-valued vector-functions
H = Lo(—7,7) & Lo(—7, 7).

For g = [g1, g2] and h = [hq, hs], the scalar product and the norm in H are
given by the formulae

(0. = [ "GO () + g ha(t)] dt, Bl = R,

In particular, we have u(t) := [N (¢),K(t)] € H.
Let us introduce the notations

v(t, \) = [AfiNe(t, A), fa(Ne(t, N)], e(x,N) = exp(ilx).

For n € Sy and v = 0, m, ,, — 1, we denote

F70) (2)

(t) U<V>(t7 )\n)7 n—+v> O, 1 d‘]
Unty - = 05 . .
[0, 1], n=v=0_0, gldz 2=\

Results

Let L(p, q) be the boundary value problem (1), (2) with arbitrary coefficients
p € Ly(0,7) and ¢ € W, (0, 7). Along with L(p, q), we consider another
problem L(p,§) of the same form but with other coefficients p € Lo(0, )
and ¢ € W;l(o,ﬂ'). Let us agree that, if a symbol a denotes an object
related to p and ¢, then the symbol a with tilde will denote the analogous
object related to p and q.

Theorem 1. Suppose that the sequence {v,}22, constructed by {\,}>>,
satisfies the following condition:
(C) The sequence {vg}72, is complete in H.
Then, the equalities {\,}22, = {\,}22, and (wy mod 1) = (& mod 1) yield
P=D,q=q

The proof is based on obtaining explicit formulae for the coefficients
(u,vr)y after substituting (3) into (4). Then, we determine the functions
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N and K uniquely and reduce Inverse Problem 1 to the inverse problem
studied in |2].

In some cases, condition (C) is more difficult to verify than two
independent conditions imposed on the subspectrum and the pair of the
entire functions in (2). The following theorem contains such conditions.

Theorem 2. Under the following two assumptions, (C) is fulfilled:
(S) For n € N, the functions fi(\) and fo(\) do not vanish simultaneously
m A,
(C2) The functional sequence {e~""(t, \n)},cs,.
Lo(—2m, 2m).

Consider the boundary value problem

v=0m =T s complete in

—y" +q(z)y + 2\p(x)y = Ny, =z € (0,27), (5)

y(0) = y(2m) = 0, (6)
where p € Ly(0,27) and ¢ € W, (0,27). The eigenvalues {u,}rez, of the
boundary value problem (5), (6) satisfy the asymptotics

k 1 27
Ui = =+ — p(t) dt + s, {%k}kEZo € ls.

2 27 )

We assume that the coefficients p and ¢ are known on (7,27). In [4],
in the regular case p € W3 (0,27) and ¢ € Ly(0,27), the following inverse
problem was studied:

Inverse Problem 2. Given {ug}rez, along with p and ¢ on (7,27),
recover the coefficients p and ¢ on the interval (0, 7).

For this inverse problem, a uniqueness theorem was obtained, see [4,
Theorem 2]|. By reducing Inverse Problem 2 to Inverse Problem 1, we

generalize the mentioned result to the case when p € Ly(0,27) and g €
Wy (0, 27).
Let us introduce the solution ¢(x, \) of (5) satisfying the initial conditions

p(2m \) =0, 2T N =1.
A number A is an eigenvalue of (5), (6) if and only if
o, NS (m, \) = SH (7, Np(m, \) = 0.

It is clear that o(m, A) and o!!(7, \) are known entire functions. Then, the
eigenvalues {py}rez, of (5), (6) coincide with the eigenvalues of (1), (2),
where we put fi(A) = (7, A) and fo(\) = @M(7, \). This fact and the

previous results allow us to obtain a uniqueness theorem.
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Theorem 3. Let ¢ = § in Wy (m,27), p = P in Lo(m,27), and
{1 kez, = {ik twez,- Then, the identities q = ¢ and p = p hold on (0, 27).
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