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Ðàññìàòðèâàåòñÿ îïåðàòîð ïåðåíîñà íà ïîëóîñè â âåñîâîì áàíàõîâîì ïðîñòðàí-
ñòâå òèïà Lp. Óêàçàíû îáùèå óñëîâèÿ íà âûáîð âåñîâîé ôóíêöèè è íà êîýôôè-
öèåíò ïîãëîùåíèÿ â îïåðàòîðå ïåðåíîñà, ïðè êîòîðûõ ïîðîæäåííàÿ ïîëóãðóïïà
îêàçûâàåòñÿ êâàçèíèëüïîòåíòíîé (ñóïåðóñòîé÷èâîé).
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áàíàõîâî ïðîñòðàíñòâî.

Superstability conditions for transport
semigroup on the semiaxis1
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Transport operator on the semiaxis is studied in a weighted Banach space of Lp-type.
We give general conditions for a choice of a weight function and for an absorption
coe�cient, for which a generated transport semigroup turns out to be superstable.
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Èñïîëüçóåì ñòàíäàðòíûå ïîíÿòèÿ òåîðèè ïîëóãðóïï (ñì. [1]�[3]). Îá-
ñóäèì óñëîâèÿ, ïðè êîòîðûõ îïåðàòîð âèäà

A ≡ − d

dx
− a(x), x ∈ [0,+∞), (1)

ò. å. îïåðàòîð ïåðåíîñà ñ ïîãëîùåíèåì íà ïîëóîñè, áóäåò ïîðîæäàòü ñó-
ïåðóñòîé÷èâóþ (èëè, ÷òî òî æå ñàìîå, êâàçèíèëüïîòåíòíóþ) ïîëó-
ãðóïïó U(t) êëàññà C0 â âåñîâîì áàíàõîâîì ïðîñòðàíñòâå òèïà Lp.
Â òàêîì ñëó÷àå (ñì. [4]�[7]) ýêñïîíåíöèàëüíûé òèï ω0 ïîëóãðóïïû U(t)
ðàâåí (−∞), à ñïåêòð ïðîèçâîäÿùåãî îïåðàòîðà A ÿâëÿåòñÿ ïóñòûì.

Îòìåòèì, ÷òî ïåðâûå èññëåäîâàíèÿ ïî òåìå � äëÿ êëàññà îïåðàòîðîâ
âèäà (1) � ïðîâåäåíû íàìè â ðàáîòå [8]. Çàòåì, â ðàáîòå [9], òåîðèÿ áû-
ëà äîâåäåíà äî êîíöà. Ñåé÷àñ ìû êîðîòêî ïðåäñòàâèì ñîîòâåòñòâóþùèå
ðåçóëüòàòû èç [9]. Ïîìèìî ïðî÷åãî, èõ ìîæíî èñïîëüçîâàòü â ðàçëè÷íûõ
íåëîêàëüíûõ è îáðàòíûõ çàäà÷àõ, ñâÿçàííûõ ñ òåîðèåé ïåðåíîñà. Îáùèå
ïîñòàíîâêè ïîäîáíûõ çàäà÷ ñì. â [9]�[11].

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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Ðàññìîòðèì íà ïîëóîñè R+ ≡ [0,+∞) â âåñîâîì áàíàõîâîì ïðîñòðàí-
ñòâå E ≡ Lp

(
R+ ; e

−ν(x) dx
)
ñ íîðìîé

∥h∥ = ∥h∥ p, ν ≡
( +∞�

0

|h(x)|p e−ν(x) dx
)1/p

, h ∈ E,

äèôôåðåíöèàëüíûé îïåðàòîð A èç ôîðìóëû (1). Ôóíêöèè a(x) è ν(x),
à òàêæå êîíå÷íîå çíà÷åíèå p ⩾ 1 ñ÷èòàåì çàäàííûìè.

Îïåðàòîð ïåðåíîñà A ñ îáëàñòüþ îïðåäåëåíèÿ

D(A) = {h ∈ AC loc(R+) : h ∈ E, Ah ∈ E, h(0) = 0 }

ïîðîæäàåò ïîëóãðóïïó U(t), äåéñòâóþùóþ íà ýëåìåíò h ∈ E ïî ïðàâèëó

U(t)h(x) =


0, 0 ⩽ x ⩽ t,

h(x− t) exp

(
−

t�
0

a(x− s) ds

)
, t < x < +∞.

(2)

Íàïîìíèì, ÷òî AC loc(R+) � ìíîæåñòâî ëîêàëüíî àáñîëþòíî íåïðåðûâ-
íûõ ôóíêöèé íà R+.

Óêàæåì åñòåñòâåííûå îãðàíè÷åíèÿ íà âåñîâîé ïîêàçàòåëü ν(x) è êî-
ýôôèöèåíò a(x), ïðè êîòîðûõ ïîëóãðóïïà (2) ÿâëÿåòñÿ ñóïåðóñòîé÷èâîé
(êâàçèíèëüïîòåíòíîé) â E. Ðå÷ü èäåò î ïîëóãðóïïàõ êëàññà C0.

Òåîðåìà 1. Ïóñòü ν(x) � èçìåðèìàÿ, íåîòðèöàòåëüíàÿ, ñóïåðàä-
äèòèâíàÿ ôóíêöèÿ íà R+ , ïðè÷åì

lim
x→+∞

ν(x)

x
= +∞. (3)

Òîãäà äëÿ ëþáîé èçìåðèìîé, íåîòðèöàòåëüíîé, ëîêàëüíî îãðàíè÷åííîé
ôóíêöèè a(x) íà R+ ïîëóãðóïïà (2) áóäåò cóïåðóñòîé÷èâîé â ïðî-
ñòðàíñòâå Lp

(
R+ ; e

−ν(x) dx
)
. Â ÷àñòíîñòè, ïîäõîäèò âûáîð a(x) ≡ 0.

Îáðàòèì âíèìàíèå íà ñî÷åòàíèå âàæíîãî òðåáîâàíèÿ (3) è òîãî, ÷òî
ôóíêöèÿ ν(x) äîëæíà áûòü ñóïåðàääèòèâíîé íà R+ . Ïîñëåäíåå îçíà÷à-
åò (ñì. [12]), ÷òî

ν(x1 + x2) ⩾ ν(x1) + ν(x2), ∀x1, x2 ⩾ 0. (4)

Óñëîâèå (4) çàâåäîìî âûïîëíåíî, åñëè ν(x) = xν0(x) ñ íåîòðèöàòåëüíîé,
ìîíîòîííî âîçðàñòàþùåé íà R+ ôóíêöèåé ν0(x). Íî åñòü è ïðèìåðû, ãäå
òàêîå ïðåäñòàâëåíèå íåâîçìîæíî (ñì. [9]). Â ëþáîì ñëó÷àå ïîä äåéñòâèå
òåîðåìû 1 ïîïàäàþò ñòàíäàðòíûå ïîêàçàòåëè âèäà ν(x) = xα ïðè α > 1,
èëè ν(x) = x ln+ x, èëè ν(x) = x ln+ ln+ x è òàê äàëåå.

Èìååòñÿ âîçìîæíîñòü èçáåæàòü ñóùåñòâåííûõ îãðàíè÷åíèé íà ν(x)
ïðè ñîîòâåòñòâóþùåì âûáîðå êîýôôèöèåíòà a(x).
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Òåîðåìà 2. Ïóñòü a(x) � èçìåðèìàÿ, íåîòðèöàòåëüíàÿ, ëîêàëüíî
îãðàíè÷åííàÿ ôóíêöèÿ íà R+ , ïðè÷åì

lim
x→+∞

a(x) = +∞. (5)

Òîãäà ïðè ëþáîì âûáîðå íåîòðèöàòåëüíîé, ìîíîòîííî íåóáûâàþùåé
ôóíêöèè ν(x) íà R+ ïîëóãðóïïà (2) áóäåò ñóïåðóñòîé÷èâîé â ïðî-
ñòðàíñòâå Lp

(
R+ ; e

−ν(x) dx
)
. Â ÷àñòíîñòè, ïîäõîäèò âûáîð ν(x) ≡ 0.

Ïðè äîêàçàòåëüñòâå òåîðåìû 2 ñíîâà èñïîëüçóþòñÿ ñîîáðàæåíèÿ ñó-
ïåðàääèòèâíîñòè (ñì. [9]), äåéñòâóþùèå äëÿ ôóíêöèè

Φ(x) =

x�

0

inf
τ∈[s,+∞)

a(τ) ds, x ⩾ 0,

ñâÿçàííîé ñ êîýôôèöèåíòîì a(x). Îñíîâíîå óñëîâèå (5) ñóùåñòâåííî äëÿ
íàøåãî ðåçóëüòàòà. Íåñìîòðÿ íà ñâîé îãðàíè÷èòåëüíûé õàðàêòåð, îíî
ïðèìåíèìî ê áîëüøîìó ÷èñëó ïðèìåðîâ òèïà a(x) = xβ ïðè β > 0,
èëè a(x) = ln+ x, èëè a(x) = |x− 1|1/2 è òàê äàëåå.

Â êà÷åñòâå ïðîñòîãî ïðèëîæåíèÿ èçëîæåííîé òåîðèè óêàæåì íåëî-
êàëüíóþ çàäà÷ó 

ut + ux + a(x)u = 0,

u(0, t) = 0,
T�
0

η(t)u(x, t) dt = u1(x),

(6)

ñ íåèçâåñòíîé ôóíêöèåé u = u(x, t) íà ïîëóîñè x ∈ R+ ïðè t ∈ [0, T ].
Ôóíêöèþ u1(x) ñ÷èòàåì çàäàííîé. Ïóñòü êîýôôèöèåíò a(x) ⩾ 0 âûáðàí
â ñîãëàñèè ñ òåîðåìîé 2. Òîãäà, êàê ñëåäóåò èç ðåçóëüòàòîâ [9], çàäà÷à (6)
áóäåò êîððåêòíî ðàçðåøèìîé â ïðîñòðàíñòâå Lp(R+) ñ p ∈ [1,+∞) ïðè
ëþáîì âûáîðå âåñîâîé ôóíêöèè η ∈ BV [0, T ], òàêîé, ÷òî η(0 + 0) ̸= 0.
Áîëåå òîãî, íà÷àëüíîå ñîñòîÿíèå u(x, 0) = u0(x) ðåøåíèÿ u = u(x, t)
êîíñòðóêòèâíî âîññòàíàâëèâàåòñÿ ìåòîäîì èòåðàöèé.

Àâòîð èñêðåííå áëàãîäàðåí È. Â. Òèõîíîâó çà ïîñòàíîâêó çàäà÷è è
ïîääåðæêó â èññëåäîâàíèè.
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