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ôóíêöèè f ïî ìóëüòèïëèêàòèâíîé ñèñòåìå ïðè óñëîâèè ÷òî íàèëó÷øèå ðàâíîìåð-
íûå ïðèáëèæåíèÿ f íå ïðåâîñõîäÿò çàäàííûõ ìàæîðàíò. Òàêæå ìû ðàññìàòðè-
âàåì äâîéñòâåííóþ çàäà÷ó.
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Ââåäåíèå

Ïóñòü P={pj}∞j=1 � ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë, òàêàÿ ÷òî
2 ≤ pj ≤ N ïðè âñåõ j ∈ N è Zj = {0, 1, . . . , pj − 1}. Îïðåäåëèì ïîñëå-
äîâàòåëüíîñòü {mj}∞j=0 ñëåäóþùèì îáðàçîì: m0 = 1, mn = mn−1pn ïðè
n ∈ N. Òîãäà ëþáîå ÷èñëî x ∈ [0, 1) ïðåäñòàâèìî â âèäå

x =
∞∑
j=1

xjm
−1
j , xj ∈ Zj, (1)

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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à êàæäîå k ∈ Z+ îäíîçíà÷íî ïðåäñòàâèìî â âèäå

k =
∞∑
j=1

kjmj−1, kj ∈ Zj. (2)

Ðàçëîæåíèå (1) òàêæå îäíîçíà÷íî, åñëè ïðè x = s/mn, 0 < s < mn,
s ∈ Z, áðàòü êîíå÷íîå ÷èñëî íåíóëåâûõ xj.

Äëÿ ÷èñåë x ∈ [0, 1) è k ∈ Z+ ñ ðàçëîæåíèÿìè (1), (2) ïîëîæèì

ïî îïðåäåëåíèþ χk(x) = exp

(
2πi

(
∞∑
j=1

xjkj/pj

))
. Ñèñòåìà ôóíêöèé

{χk(x)}∞k=0 íàçûâàåòñÿ ìóëüòèïëèêàòèâíîé ñèñòåìîé. Èçâåñòíî, ÷òî îíà
îðòîíîðìèðîâàíà è ïîëíà â L1[0, 1) (ñì. [1, ãë. 1,� 1.5]). Ëåãêî âèäåòü, ÷òî
ïðè 0 ≤ n < mk ôóíêöèÿ χn(x) ïîñòîÿííà íà Ikj = [(j − 1)/mk, j/mk),
1 ≤ j ≤ mk, k ∈ Z+.

Äëÿ f ∈ L1[0, 1) êîýôôèöèåíòû Ôóðüå è ÷àñòè÷íàÿ ñóììà Ôóðüå ïî
ñèñòåìå {χj(x)}∞j=0 çàäàþòñÿ ôîðìóëàìè

f̂(j) =

1�

0

f(t)χj(t) dt, j ∈ Z+, Sn(f)(x) =
n−1∑
j=0

f̂(j)χj(x), n ∈ N.

×åðåç C∗[0, 1) îáîçíà÷èì çàìûêàíèå ìíîæåñòâà ïîëèíîìîâ ïî ñèñòåìå
{χi}∞i=0 â ðàâíîìåðíîé íîðìå ∥f∥∞ = supx∈[0,1) |f(x)|. Êàê îáû÷íî, ïðîñ-

òðàíñòâî Lp[0, 1), 1 ≤ p <∞, ñíàáæåíî íîðìîé ∥f∥p =
(

1�
0

|f(t)|p dt
)1/p

.

Ïóñòü Pn = {f ∈ L1[0, 1) : f̂(i) = 0, i ≥ n}, n ∈ N, òîãäà îïðåäå-
ëèì íàèëó÷øåå ïðèáëèæåíèå äëÿ f ∈ Lp[0, 1), 1 ≤ p < ∞, ôîðìóëîé
En(f)p = inf{∥f − Q∥p : Q ∈ Pn}, n ∈ N. Àíàëîãè÷íî îïðåäåëÿåòñÿ
En(f)∞ äëÿ f ∈ C∗[0, 1).

Äëÿ óáûâàþùåé ê íóëþ ïîñëåäîâàòåëüíîñòè {εn}∞n=0 áóäåì ïèñàòü
f ∈ E(ε), åñëè ∥f∥∞ ≤ ε0 è En(f)∞ ≤ εn äëÿ âñåõ n ∈ N. Äëÿ óáûâàþùåé
ê íóëþ ïîñëåäîâàòåëüíîñòè {λn}∞n=0 ðàññìîòðèì

A(λ) = {f ∈ C∗[0, 1) : ρn(f) :=
∞∑
k=n

|f̂(k)| ≤ λn, n ∈ Z+}.

Áóäåì èñïîëüçîâàòü òàêæå ñðåäíèå Âàëëå-Ïóññåíà vn(f) =

n−1
2n∑

k=n+1

Sk(f).

Áóäåì ïèñàòü An ≍ Bn, n ∈ N, åñëè ñóùåñòâóþò ïîñòîÿííûå C1, C2 >
0, òàêèå ÷òî C1An ≤ Bn ≤ C2An, n ∈ N.
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Ôîðìóëû, òåîðåìû

Ëåììà 1 óñòàíîâëåíà â [2].

Ëåììà 1. Äëÿ ëþáîãî n ∈ N ñóùåñòâóåò Qn ∈ Pmn
, òàêîé ÷òî 1)

∥Qn∥∞ ≤ Cm
1/2
n ; 2)

mn−1∑
k=0

|Q̂n(k)| ≥ mn.

Ëåììà 2 äîêàçûâàåòñÿ àíàëîãè÷íî òåîðåìå 4.23 èç [3, ãë. 4, � 10].

Ëåììà 2. f ∈ C∗[0, 1) ∥f − vn(f)∥∞ ≤ CEn(f)∞, n ∈ N.

Òåîðåìà 1. Ïóñòü f ∈ C∗[0, 1) è ñõîäèòñÿ ðÿä
∞∑
n=1

n−1/2En(f)∞.

Òîãäà âåëè÷èíà ρn(f) =
∞∑
k=n

|f̂(k)| óäîâëåòâîðÿåò íåðàâåíñòâó

ρn(f) ≤ C

(
n1/2En(f)∞ +

∞∑
k=n

k−1/2Ek(f)∞

)
, n ∈ N.

Òåîðåìà 2. Ïóñòü ïîñëåäîâàòåëüíîñòü {εn}∞n=0 óáûâàåò ê íóëþ,

ðÿä
∞∑
n=1

n−1/2εn ñõîäèòñÿ è ïîñëåäîâàòåëüíîñòü {nβεn}∞n=0 íå óáûâàåò

äëÿ íåêîòîðîãî β > 0. Òîãäà

sup{ρn(f) : f ∈ E(ε)} ≍
∞∑
k=n

k−1/2εk, n ∈ N.

Òåîðåìà 3. Ïóñòü {λn}∞n=0 óáûâàåò ê íóëþ è óäîâëåòâîðÿåò ∆2-
óñëîâèþ λn ≤ Cλ2n, n ∈ N. Òîãäà ñïðàâåäëèâî ñîîòíîøåíèå

sup{En(f)∞ : f ∈ A(λ)} ≍ λn, n ∈ N.

Äîêàçàòåëüñòâî. Íà÷íåì ñ î÷åâèäíîãî íåðàâåíñòâà

En(f)∞ ≤ ∥f − Sn(f)∥∞ ≤
∞∑
k=n

|f̂(k)χk(x)| ≤ ρn(f) ≤ λn

äëÿ f ∈ A(λ). Ñ äðóãîé ñòîðîíû, ïóñòü an = λn−λn+1, n ∈ N. Òîãäà äëÿ
ôóíêöèè h(x) =

∞∑
n=1

anχn(x) íàõîäèì, ÷òî

ρn(h)∞ =
∞∑
k=n

|ak| =
∞∑
k=n

(λk − λk+1) = λn, n ∈ N,
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è ρ0(h) = λ−1 ≤ λ0, òî åñòü h ∈ A(λ). Â ñèëó ëåììû 2 è ïî÷òè î÷åâèäíîãî

ðàâåíñòâà ∥
∞∑
k=0

bkχk∥∞ =
∞∑
k=0

bk ïðè bk ≥ 0, ïîëó÷àåì

En(h)∞ ≥ C1∥h− vn(h)∥∞ = C1

(
2n−1∑
k=n+1

k − n

n
ak +

∞∑
k=2n

ak

)
≥

≥ C1

∞∑
k=2n

ak = C1λ2n ≥ C2λn.

Òàêèì îáðàçîì, ñîîòíîøåíèå ðåçóëüòàò òåîðåìû óñòàíîâëåí.
Îòìåòèì, ÷òî áëèçêèå âîïðîñû äëÿ òðèãîíîìåòðè÷åñêèõ ðÿäîâ ðàñ-

ñìàòðèâàëèñü Í. À. Èëüÿñîâûì [4].
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