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Â ïðîñòðàíñòâàõ Ñîáîëåâà - Ñëîáîäåöêîãî èçó÷àåòñÿ îïðåäåëåííàÿ çàäà÷à ñî-
ïðÿæåíèÿ äëÿ ýëëèïòè÷åñêîãî ïñåâäîäèôôåðåíöèàëüíîãî óðàâíåíèÿ â ïëîñêîì
ñåêòîðå. Èñïîëüçóÿ âîëíîâóþ ôàêòîðèçàöèþ äëÿ ýëëèïòè÷åñêîãî ñèìâîëà ñ êîí-
êðåòíûì èíäåêñîì, ìû ðàññìàòðèâàåì óñëîâèÿ Äèðèõëå è Íåéìàíà íà ñòîðîíàõ
ñåêòîðà. Äëÿ ÷àñòíîãî ñëó÷àÿ ìû ñâîäèì ðàññìàòðèâàåìóþ êðàåâóþ çàäà÷ó ê
ñèñòåìå ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî 8 íåèçâåñòíûõ ôóíê-
öèé.
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A certain conjugation problem for an elliptic pseudo-di�erential equation in a plane
sector is studied in Sobolev�Slobodetskii spaces. Using wave factorization for an
elliptic symbol with concrete index we consider Dirichlet and Neumann conditions
on sector sides. For a special case we reduce the considered boundary value problem
to a system of linear algebraic equations with respect to 8 unknown functions.
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Ââåäåíèå

Â ýòîé ðàáîòå ðàññìàòðèâàåòñÿ îäíà çàäà÷à ñîïðÿæåíèÿ â ïëîñêîì óãëå
äëÿ ïðîñòåéøèõ ýëëèïòè÷åñêèõ ïñåâäîäèôôåðåíöèàëüíûõ óðàâíåíèé. Â
îïðåäåëåííîì ñìûñëå îíà ÿâëÿåòñÿ îáîáùåíèåì êëàññè÷åñêîé êðàåâîé
çàäà÷è Ðèìàíà äëÿ àíàëèòè÷åñêèõ ôóíêöèé. Èññëåäîâàíèå îïèðàåòñÿ íà
ìåòîä âîëíîâîé ôàêòîðèçàöèè, ðàçâèòûé â [1], è ïðèâîäèò ïðè íåêîòîðûõ
äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ íà ñèìâîë îïåðàòîðà ê êðèòåðèþ îäíî-
çíà÷íîé ðàçðåøèìîñòè ïîñòàâëåííîé çàäà÷è ñîïðÿæåíèÿ. Èñïîëüçóåìûé

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)

1This is an open access article distributed under the terms of Creative Commons Attribution 4.0
International License (CC-BY 4.0)
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àïïàðàò âîëíîâîé ôàêòîðèçàöèè ñ óñïåõîì ïðèìåíÿëñÿ ïðè ïîñòàíîâêå
è èññëåäîâàíèè äðóãèõ êðàåâûõ çàäà÷ äëÿ ýëëèïòè÷åñêèõ ïñåâäîäèôôå-
ðåíöèàëüíûõ óðàâíåíèé [2�5].

Ïîñòàíîâêà çàäà÷è

Â ïðîñòðàíñòâå Ñîáîëåâà�Ñëîáîäåöêîãî Hs ðàññìàòðèâàåòñÿ ñëåäóþùàÿ
çàäà÷à: íàéòè ôóíêöèþ

U(x) =

{
u+(x), x ∈ Ca

+

u−(x), x ∈ R2 \ Ca
+

òàêóþ, ÷òî u+ ∈ Hs(Ca
+), v− ∈ Hs(R2 \ Ca

+), óäîâëåòâîðÿþùóþ óðàâíå-
íèÿì {

(Au+)(x) = 0, x ∈ Ca
+,

(Au−)(x) = 0, x ∈ R2 \ Ca
+,

(1)

ãäå Ca
+ = {x ∈ R2 : x2 > a|x1|, a > 0},Γ = ∂Ca

+, A � ýëëèïòè÷åñêèé
ïñåâäîäèôôåðåíöèàëüíûé îïåðàòîð ñ ñèìâîëîì A(ξ),

c1 ≤ |A(ξ)(1 + |ξ|)−α| ≤ c2.

Ê óðàâíåíèÿì (1) ìû äîáàâëÿåì ñëåäóþùèå ãðàíè÷íûå óñëîâèÿ:

θ · u+|∂Ca
+
+ ω · u−|∂Ca

+
= µ, η ·

(
∂u+
∂n

)
|∂Ca

+

+ γ ·
(
∂u−
∂n

)
|∂Ca

+

= ν, (2)

ãäå θ, ω, η, γ � êîìïëåêñíûå ÷èñëà, ïðèíèìàþùèå ðàçëè÷íûå çíà÷åíèÿ
íà ñòîðîíàõ óãëà ∂Ca

+, µ ∈ Hs−1/2(Γ), ν ∈ Hs−3/2(Γ)� çàäàííûå íà Γ
ôóíêöèè..

Ïîäîáíàÿ çàäà÷à ðàññìàòðèâàëàñü â [2] ïðè äîïîëíèòåëüíûõ ïðåäïî-
ëîæåíèÿõ îòíîñèòåëüíî ñèìâîëà A(ξ) è áûëà ñâåäåíà ê íåêîòîðîé ñèñòå-
ìå îäíîìåðíûõ èíòåãðàëüíûõ óðàâíåíèé, êîòîðóþ ìû îáîçíà÷èì (X).
Ïðåäïîëàãàëîñü, ÷òî ñèìâîë A(ξ) äîïóñêàåò âîëíîâóþ ôàêòîðèçàöèþ [1]
îòíîñèòåëüíî êîíóñà Ca

+

A(ξ) = A̸=(ξ) · A=(ξ)

ñ èíäåêñîì æ òàêèì, ÷òî æ− s = 1 + δ, |δ| < 1/2.
Ìû ïðèâåäåì íèæå îïèñàíèå òåðìèíîâ, èñïîëüçîâàííûõ â ïîñòàíîâêå

çàäà÷è.
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Ïðîñòðàíñòâî Ñîáîëåâà�Ñëîáîäåöêîãî Hs(R2) � ýòî ãèëüáåðòîâî ïðî-
ñòðàíñòâî ñ íîðìîé

||f ||s =

�

R2

|f̃(ξ)|2(1 + |ξ|)2sdξ

1/2

,

ãäå f̃ îáîçíà÷àåò ïðåîáðàçîâàíèå Ôóðüå

f̃(ξ) =

�

R2

e−ix·ξf(x)dx.

Åñëè D ⊂ R2 � îáëàñòü, òî Hs(D) � ýòî ïîäïðîñòðàíñòâî Hs(R2), ñîñòî-
ÿùåå èç ôóíêöèé ñ íîñèòåëÿìè â D.

Ïóñòü A(ξ) � èçìåðèìàÿ ôóíêöèÿ, îïðåäåëåííàÿ íà R2. Ïñåâäîäèô-
ôåðåíöèàëüíûì îïåðàòîðîè A â îáëàñòè D ñ ñèìâîëîì A(ξ) íàçûâàåòñÿ
ñëåäóþùèé îïåðàòîð

(Au)(x) =

�

R2

eix·ξA(ξ)ũ(ξ)dξ, x ∈ D.

Àëãåáðàè÷åñêîå óñëîâèå ðàçðåøèìîñòè

Ñ ïîìîùüþ ýëåìåíòîâ âîëíîâîé ôâêòîðèçàöèè A̸=(ξ), A=(ξ) ñòðîÿòñÿ
ôóíêöèè bj(t3−j), Bj(t3−j), j = 1, 2. Èñïîëüçîâàíèå ïðåîáðàçîâàíèÿ Ìåë-
ëèíà ïîçâîëÿåò ïîëó÷èòü ñëåäóþùóþ ðåäóêöèþ.

Òåîðåìà 1. Ïóñòü æ = α/2 è ñîìíîæèòåëè A̸=(ξ), A=(ξ) îä-
íîðîäíû ñòåïåíè α/2 è äèôôåðåíöèðóåìû âíå íà÷àëà êîîðäèíàò,
bj(t3−j) ̸= 0, Bj(t3−j) ̸= 0, j = 1, 2, ∀t1, t2 ̸= 0. Òîãäà ñèñòåìà ëè-
íåéíûõ èíòåãðàëüíûõ óðàâíåíèé (X) ýêâèâàëåíòíà ñèñòåìå ëèíåé-
íûõ àëãåáðàè÷åñêèõ óðàâíåíèé (3) îòíîñèòåëüíî íåèçâåñòíûõ ôóíêöèé
Ĉk(λ), D̂k(λ), R̂k(λ), Q̂k(λ), k = 1, 2.

Âñå êîýôôèöèåíòû ñèñòåìû (3) è ïðàâûå ÷àñòè òàêæå âû÷èñëÿþò-
ñÿ ïî ýëåìåíòàì A̸=(ξ), A=(ξ) è çàäàííûì ãðàíè÷íûì óñëîâèÿì. Åñëè
ìàòðèöó ñèñòåìû îáîçíà÷èòü A(λ), òî ïîëó÷àåòñÿ ñëåäóþùèé êðèòåðèé
ðàçðåøèìîñòè çàäà÷è ëèíåéíîãî ñîïðÿæåíèÿ (1),(2).

Îòìåòèì, ÷òî àïðèîðíûå îöåíêè ðåøåíèÿ ìîãóò áûòü ïîëó÷åíû ïî
ñõåìå, îïèñàííîé â [1].
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

θ1k̂11(λ)Ĉ1(λ) + θ1k̂21(λ)Ĉ2(λ) + θ1l11D̂1(λ)+

+ω1m̂11(λ)R̂1(λ) + ω1m̂21(λ)R̂2(λ) + ω1Q̂1(λ) = µ̂11(λ)

θ1k̂12(λ)Ĉ1(λ) + θ1k̂22(λ)Ĉ2(λ) + θ1l12D̂2(λ)+

+ω1m̂12(λ)R̂1(λ) + ω1m̂22(λ)R̂2(λ) + ω1Q̂2(λ) = µ̂12(λ)

θ2l21Ĉ1(λ) + θ2n̂11(λ)D̂1(λ) + θ2n̂21(λ)D̂2(λ)+

+ω2R̂1(λ) + ω2p̂11(λ)Q̂1(λ) + ω2p̂21(λ)Q̂2(λ) = µ̂21(λ)

θ2l22Ĉ2(λ) + θ2n̂12(λ)D̂1(λ) + θ2n̂22(λ)D̂2(λ)+

+ω2R̂2(λ) + ω2p̂12(λ)Q̂1(λ) + ω2p̂22(λ)Q̂2(λ) = µ̂22(λ)

η1K̂11(λ)Ĉ1(λ) + η1K̂21(λ)Ĉ2(λ) + η1L11D̂1(λ)+

+γ1M̂11(λ)R̂1(λ) + γ1M̂21(λ)R̂2(λ) + γ1Q̂1(λ) = ν̂11(λ)

η1K̂12(λ)Ĉ1(λ) + η1K̂22(λ)Ĉ2(λ) + η1L12D̂2(λ)+

+γ1M̂12(λ)R̂1(λ) + γ1M̂22(λ)R̂2(λ) + γ1Q̂2(λ) = ν̂12(λ)

η2L21Ĉ1(λ) + η2N̂11(λ)D̂1(λ) + η2N̂21(λ)D̂2(λ)+

+γ2R̂1(λ) + γ2P̂11(λ)Q̂1(λ) + γ2P̂21(λ)Q̂2(λ) = ν̂21(λ)

η2L22Ĉ2(λ) + η2N̂12(λ)D̂1(λ) + η2N̂22(λ)D̂2(λ)+

+γ2R̂2(λ) + γ2P̂12(λ)Q̂1(λ) + γ2P̂22(λ)Q̂2(λ) = ν̂22(λ)

(3)

Òåîðåìà 2. Â ïðåäïîëîæåíèÿõ Òåîðåìû 1 óñëîâèå

inf | detA(λ)| > 0, Reλ = 1/2

ÿâëÿåòñÿ íåîáõîäèìûì è äîñòàòî÷íûì äëÿ ñóùåñòâîâàíèÿ åäèíñòâåí-
íîãî ðåøåíèÿ çàäà÷è (1), (2).
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