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Îá îäíîì èòåðàöèîííîì ìåòîäå ðåøåíèÿ
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Â ðàáîòå ïðåäëîæåí ýôôåêòèâíûé ÷èñëåííûé ìåòîä ðåøåíèÿ ïðÿìûõ è îáðàòíûõ
çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé (ëèíåéíûõ è íåëèíåéíûõ), îñíîâàííûé íà
íåïðåðûâíîì ìåòîäå ðåøåíèÿ íåëèíåéíûõ îïåðàòîðíûõ óðàâíåíèé. Ðàññìàòðè-
âàþòñÿ ïðÿìûå çàäà÷è äëÿ íåëèíåéíûõ óðàâíåíèé è îáðàòíûå çàäà÷è äëÿ ïàðàáî-
ëè÷åñêèõ óðàâíåíèé â ñëåäóþùèõ ïîñòàíîâêàõ: êîýôôèöèåíòíàÿ çàäà÷à, çàäà÷à
âîññòàíîâëåíèÿ ãðàíè÷íûõ óñëîâèé, çàäà÷à âîññòàíîâëåíèÿ íà÷àëüíûõ óñëîâèé.

Êëþ÷åâûå ñëîâà: îáðàòíûå çàäà÷è, íåêîððåêòíûå çàäà÷è, ïàðàáîëè÷åñêèå óðàâ-
íåíèÿ, òåîðèÿ óñòîé÷èâîñòè, ëîãàðèôìè÷åñêàÿ íîðìà.

On an iterative method for solution of
parabolic equations1
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In this paper we propose an e�cient numerical method for solution of direct and
inverse problems for parabolic equations (both linear and nonlinear). The method is
based on the continuous method for solution of operator equations. We consider direct
problems for nonlinear equations and the following statements of inverse problems for
parabolic equations: inverse coe�cient problem, the problem of recovering boundary
conditions and the problem of recovering initial conditions.
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Ïðèáëèæåííûì ìåòîäàì ðåøåíèÿ ïðÿìûõ è îáðàòíûõ çàäà÷ äëÿ ïà-
ðàáîëè÷åñêèõ óðàâíåíèé ïîñâÿùåíà îáøèðíàÿ ëèòåðàòóðà [1], [2], [3], [4].
Òåì íå ìåíåå, ðàçðàáîòêà íîâûõ ìåòîäîâ ðåøåíèÿ ýòèõ çàäà÷ ÿâëÿåòñÿ
àêòóàëüíîé çàäà÷åé. Ýòî îáóñëîâëåíî êàê ïîÿâëåíèåì íîâûõ ïðèêëàäíûõ
çàäà÷, ìîäåëèðóåìûõ ïàðàáîëè÷åñêèìè óðàâíåíèÿìè è èõ ñèñòåìàìè, òàê
è âîçðàñòàþùèìè òðåáîâàíèÿìè ê òî÷íîñòè è óñòîé÷èâîñòè ÷èñëåííûõ
ìåòîäîâ.

Â òå÷åíèå íåñêîëüêèõ ïîñëåäíèõ ëåò àâòîðû èññëåäóþò ïðèìåíèìîñòü
íåïðåðûâíîãî ìåòîäà ðåøåíèÿ íåëèíåéíûõ îïåðàòîðíûõ óðàâíåíèé [5] ê
ðåøåíèþ ïðÿìûõ è îáðàòíûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ è ãèïåðáîëè÷å-
ñêèõ óðàâíåíèé. Âûáîð ýòîãî ìåòîäà îáóñëîâëåí äâóìÿ îáñòîÿòåëüñòâà-
ìè: 1) Â îòëè÷èå îò ìåòîäà Íüþòîíà - Êàíòîðîâè÷à ìåòîä íå òðåáóåò
îáðàòèìîñòè ïðîèçâîäíîé Ôðåøå (èëè Ãàòî) íåëèíåéíîãî îïåðàòîðà íà
êàæäîì øàãå èòåðàöèîííîãî ïðîöåññà. Áîëåå òîãî, îí îñóùåñòâèì äà-
æå ïðè âûðîæäåíèè ïðîèçâîäíîé íà íåêîòîðîì ìíîãîîáðàçèè; 2) ìåòîä
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îñíîâàí íà òåîðèè óñòîé÷èâîñòè Ëÿïóíîâà è óñòîé÷èâ ïðè âîçìóùåíèè
ýëåìåíòîâ óðàâíåíèé è íà÷àëüíûõ óñëîâèé.

Â ðàáîòå äàí îáçîð ðÿäà ðåçóëüòàòîâ, ïîëó÷åííûõ â ýòîì íàïðàâëå-
íèè.

Äàäèì êðàòêîå îïèñàíèå íåïðåðûâíîãî îïåðàòîðíîãî ìåòîäà. Ïóñòü
òðåáóåòñÿ íàéòè ðåøåíèå íåëèíåéíîãî îïåðàòîðíîãî óðàâíåíèÿ

A(x)− f = 0, (1)

ãäå A : X → X � íåëèíåéíûé îïåðàòîð, îòîáðàæàùèé áàíàõîâî ïðîñ-
òðàíñòâî X â ñåáÿ. Óðàâíåíèþ (1) ñòàâèòñÿ â ñîîòâåòñòâèå çàäà÷à Êîøè

dx(s)

ds
= A (x(s))− f, (2)

x(0) = x0. (3)

Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Ïóñòü çàäà÷à (2)-(3) èìååò ðåøåíèå x∗, è íà âñÿ-

êîé äèôôåðåíöèðóåìîé êðèâîé g(s), ðàñïîëîæåííîé â øàðå B (x∗, r),
ñïðàâåäëèâû ñëåäóþùèå óñëîâèÿ: 1) ïðè ëþáîì s (s > 0) âûïîëíÿåò-

ñÿ íåðàâåíñòâî
s�
0

Λ (A′ (g(τ))) dτ ⩽ 0; 2) èìååò ìåñòî íåðàâåíñòâî

lim
s→∞

1

s

s�
0

Λ (A′ (g(τ))) dτ ⩽ −αg, αg > 0. Òîãäà ðåøåíèå çàäà÷è Êîøè

(2)-(3) ïðè s, ñòðåìÿùåìñÿ ê áåñêîíå÷íîñòè, ñõîäèòñÿ ê ðåøåíèþ x∗

óðàâíåíèÿ (1).
×åðåç Λ (A′) îáîçíà÷åíà ëîãàðèôìè÷åñêàÿ íîðìà îïåðàòîðà A′, ÿâ-

ëÿþùåãîñÿ ïðîèçâîäíîé Ôðåøå (ïðîèçâîäíîé Ãàòî) îïåðàòîðà A. Ëî-
ãàðèôìè÷åñêàÿ íîðìà Λ(A) îïåðàòîðà A : X → X îïðåäåëÿåòñÿ [6]

ïîñðåäñòâîì ôîðìóëû Λ(A) = lim
h↓0

(
∥I+hA∥−1

h

)
, ãäå ñèìâîë ↓ îçíà÷àåò ìî-

íîòîííîå ñòðåìëåíèå ê íóëþ.
Â ðàáîòå [7] ïîñòðîåíû ÷èñëåííûå ìåòîäû ðåøåíèÿ îáðàòíûõ êîýô-

ôèöèåíòíûõ çàäà÷ äëÿ îäíî- è äâóìåðíûõ óðàâíåíèé òåïëîïðîâîäíîñòè
â ñëåäóþùèõ ïîñòàíîâêàõ.

Äàíà çàäà÷à Êîøè:

∂u

∂t
= γ

(
∂2u

∂x2
+
∂2u

∂y2

)
, (4)

u(0, x, y) = φ(x, y),

ãäå t ⩾ 0, −∞ < x, y < ∞, è â òî÷êå (t∗, x∗, y∗) èçâåñòíî åå ðåøåíèå
u (t∗, x∗, y∗). Òðåáóåòñÿ íàéòè êîýôôèöèåíò γ.
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Äàíî óðàâíåíèå (4) ñ íà÷àëüíûì óñëîâèåì

u(0, x, y) = φ(x, y), (x, y) ∈ [0; ℓ]2 (5)

è ãðàíè÷íûìè óñëîâèÿìè

u(t, x, 0) = q1(t, x), u(t, x, ℓ) = q2(t, x), (6)

u(t, 0, y) = q3(t, y), u(t, ℓ, y) = q4(t, y). (7)

Èçâåñòíî ðåøåíèå ãðàíè÷íîé çàäà÷è (4)-(7) â òî÷êå (t∗, x∗, y∗). Òðå-
áóåòñÿ îïðåäåëèòü êîýôôèöèåíò γ.

Ïîêàçàíî [8], ÷òî ìåòîä ïðèìåíèì äëÿ íàõîæäåíèÿ äâóõ íåèçâåñòíûõ
ïîñòîÿííûõ êîýôôèöèåíòîâ â íåëèíåéíîì óðàâíåíèè

∂u(t, x1, x2)

∂t
= a

[
∂2u(t, x1, x2)

∂x21
+
∂2u(t, x1, x2)

∂x22

]
+ bu(t, x1, x2),

u(0, x1) = φ(x1, x2),

ãäå −∞ < x1, x2 < ∞, 0 ⩽ t ⩽ T , êîýôôèöèåíò a ïîëîæèòåëü-
íûé. Ïðåäïîëàãàåòñÿ, ÷òî äîïîëíèòåëüíî èçâåñòíû çíà÷åíèÿ ðåøåíèÿ
u(t(1), x

(1)
1 , x

(1)
2 ) è u(t(2), x(2)1 , x

(2)
2 ).

Â ðàáîòå [9] ðåçóëüòàòû ðàáîòû [7] ðàñïðîñòðàíåíû íà ïàðàáîëè÷åñêèå
óðàâíåíèÿ ñ íåèçâåñòíûì êîýôôèöèåíòîì, çàâèñÿùèì îò âðåìåíè.

Â ðàáîòå [10] íåïðåðûâíûé îïåðàòîðíûé ìåòîä ðåøåíèÿ íåëèíåé-
íûõ îïåðàòîðíûõ óðàâíåíèé ïðèìåíÿåòñÿ äëÿ ðåøåíèÿ çàäà÷è Êîøè äëÿ
íåëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ

∂u

∂t
= a

∂2u

∂x2
+ Φ(t, x, u(t, x)) , (8)

u(0, x) = φ(x). (9)

Ïðåäâàðèòåëüíî çàäà÷à (8)-(9) ñâîäèòñÿ ê íåëèíåéíîìó èíòåãðàëüíî-
ìó óðàâíåíèþ

u(t, x) =

∞�

−∞

φ(ξ)G(x, ξ, t) dξ +

t�

0

∞�

−∞

Φ (x, ξ, u(x, ξ))G(x, ξ, t− s) dξ ds,

ãäå G(x, ξ, t) =
1

2
√
πat

exp
[
− (x−ξ)2

4at

]
.

Íà îñíîâå íåïðåðûâíîãî îïåðàòîðíîãî ìåòîäà àâòîðàìè òàêæå óñïåø-
íî ïîñòðîåíû ýôôåêòèâíûå ÷èñëåííûå ìåòîäû ðåøåíèÿ ñëåäóþùèõ çà-
äà÷ äëÿ ëèíåéíûõ ïàðàáîëè÷åñêèõ óðàâíåíèé: 1) âîññòàíîâëåíèÿ íà÷àëü-
íûõ óñëîâèé â çàäà÷å Êîøè [11]; 2) âîññòàíîâëåíèÿ ãðàíè÷íîãî óñëîâèÿ â

52



ïåðâîé è âòîðîé êðàåâîé çàäà÷å [12] è 3) âîññòàíîâëåíèÿ êîýôôèöèåíòîâ
ãðàíè÷íûõ óñëîâèé â òðåòüåé êðàåâîé çàäà÷å [13].
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