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Îá îäíîì ñâîéñòâå êîðíåâûõ ìíîæåñòâ
ôóíêöèé êëàññîâ A∞

α , ãäå α > −1, íà
îäíîñâÿçíîé îáëàñòè êîìïëåêñíîé ïëîñêîñòè1
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Â ðàáîòå äîêàçàíî, ÷òî íóëè àíàëèòè÷åñêîé ôóíêöèè F ∈ A∞
α (G), α > −1, ìîæíî

âûäåëèòü, íå âûõîäÿ èç ïðîñòðàíñòâà A∞
α (G), ãäå G � îäíîñâÿçíàÿ îáëàñòü íà

êîìïëåêñíîé ïëîñêîñòè, ãðàíèöà êîòîðîé ñîäåðæèò áîëåå îäíîé òî÷êè.
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On one property of the root sets of functions of
classes A∞

α , α > −1, on the simply connected
domain of the complex plane1
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It is proved that the zeros of an analytic function F ∈ A∞
α (G), α > −1, can

be distinguished without leaving the space A∞
α (G), where G is a simply connected

domain on the complex plane whose boundary contains more than one point.
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Ïóñòü D = {z : |z| < 1} � åäèíè÷íûé êðóã íà êîìïëåêñíîé ïëîñêî-
ñòè, H(D) � ìíîæåñòâî âñåõ àíàëèòè÷åñêèõ â D ôóíêöèé. Â 1914 ãîäó
Õàðäè ðàññìîòðåë êëàññ Hp, p > 0, àíàëèòè÷åñêèõ ôóíêöèé, óäîâëå-
òâîðÿþùèõ óñëîâèþ

sup
0<r<1

π�

−π

∣∣f(reiθ)∣∣p dθ < +∞.

Íà ñåãîäíÿøíèé äåíü õîðîøî èçó÷åíû êîðíåâûå ìíîæåñòâà ôóíêöèé
êëàññà Hp. Èçâåñòíî, ÷òî åñëè ôóíêöèÿ f ∈ Hp(D), 0 < p < +∞, òî
íóëè {zk}+∞

k=1 ôóíêöèè ïîä÷èíÿþòñÿ èçâåñòíîìó óñëîâèþ Áëÿøêå

+∞∑
k=1

(1− |zk|) < +∞.

1Ñòàòüÿ îïóáëèêîâàíà íà óñëîâèÿõ ëèöåíçèè Creative Commons Attribution 4.0 International
(CC-BY 4.0)
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Ââåäåì â ðàññìîòðåíèå êëàññ ôóíêöèé

A∞
α (D) =

{
f ∈ H(D) : |f(z)| ≤ cf

(1− |z|)α
}
,

ãäå cf � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò f, α > −1.
Â ðàáîòå Ô. À. Øàìîÿíà [1] óñòàíîâëåíî, ÷òî íóëè àíàëèòè÷åñêîé

ôóíêöèè ìîæíî âûäåëèòü, íå âûõîäÿ èç ïðîñòðàíñòâà A∞
α (D).

Îáîáùèì ýòîò ðåçóëüòàò íà ñëó÷àé ïðîèçâîëüíîé îäíîñâÿçíîé îáëà-
ñòè êîìïëåêñíîé ïëîñêîñòè.

Îáîçíà÷èì

A∞
α (G) =

{
f ∈ H(G) : |F (w)| ≤ cF

(dist(w, ∂G))α

}
,

ãäå dist(w, ∂G) � ðàññòîÿíèå îò òî÷êè w äî ãðàíèöû îáëàñòè ∂G,
cF � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, çàâèñÿùàÿ òîëüêî îò F, α > −1.

Òåîðåìà 1. Åñëè ôóíêöèÿ f ∈ A∞
α (D), α > −1, è f(zk) = 0, k =

1, 2, ..., zk ∈ D, òîãäà ôóíêöèÿ f

B̃
∈ A∞

α (D), ãäå B̃ (z, zk) � áåñêîíå÷íîå
ïðîèçâåäåíèå âèäà

B̃ (z, zk) =
+∞∏
k=1

(2− bk (z, zk)) · bk (z, zk) , z, zk ∈ D.

Òåîðåìà 2. Ïóñòü G � îäíîñâÿçíàÿ îáëàñòü íà êîìïëåêñíîé ïëîñ-
êîñòè, ãðàíèöà êîòîðîé ñîäåðæèò áîëåå îäíîé òî÷êè. Åñëè ôóíêöèÿ
F ∈ A∞

α (G), α > −1, è F (wk) = 0, k = 1, 2, ..., wk ∈ G, òîãäà
ôóíêöèÿ F

B̃
∈ A∞

α (G), ãäå B̃ (w,wk) � áåñêîíå÷íîå ïðîèçâåäåíèå âèäà

B̃ (w,wk) =
+∞∏
k=1

(2− bk (ψ(w), ψ(wk))) · bk (ψ(w), ψ(wk)) , w, wk ∈ G,

ψ(w) � ôóíêöèÿ, êîíôîðìíî îòîáðàæàþùàÿ îáëàñòü G íà åäèíè÷íûé
êðóã D.
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