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1. Ðàçíîñòíûå ìåòîäû äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé

Ðàññìîòðèì óðàâíåíèå êîëåáàíèÿ ñòðóíû

∂2u(x, t)

∂t2
=

∂2u(x, t)

∂x2 + f(x, t) (1.1)

â îáëàñòè D = {(x, t) : 0 < x < l, 0 < t ≤ T} .
Çàäàäèì ãðàíè÷íûå óñëîâèÿ

µ(x, t) =

{
u(0, t) = u1(t)

u(l, t) = u2(t)
, (1.2)

è íà÷àëüíûå äàííûå

u(x, 0) = u0(x),
∂u(x, 0)

∂t
= ū0(x). (1.3)

Äëÿ ïîñòðîåíèÿ ðàçíîñòíîãî ìåòîäà çàäà÷è (1.1), (1.2), (1.3) àïïðîêñè-
ìèðóåì çàäàííóþ îáëàñòü ñåòî÷íîé îáëàñòüþ:

ωhτ =
{
(xi, tk) : xi = ih, tk = kτ, i = 0, N, k = 0, n0, Nh = l, n0τ = T

}

ωhτ = ωhτ ∪ γhτ .

Çäåñü ωhτ � âíóòðåííèå òî÷êè ñåòî÷íîé îáëàñòè, γhτ � ãðàíè÷íûå òî÷-
êè ñåòî÷íîé îáëàñòè, h, τ - øàãè ñåòêè àðãóìåíòîâ, âûáèðàåìûå èç óñëî-
âèé çàäàííîé òî÷íîñòè, ïîðÿäêà ïîãðåøíîñòè çàäàííîãî ìåòîäà è óñëîâèé
óñòîé÷èâîñòè.

Íà ñåòêå ωhτ âûáèðàåì äåâÿòèòî÷å÷íûé øàáëîí (ðèñ.1).

t t t

t t t

t t t

(x− h, t− τ) (x, t− τ) (x + h, t− τ)

(x− h, t) (x, t) (x + h, t)

(x− h, t + τ) (x, t + τ) (x + h, t + τ)

Ðèñ.1. Äåâÿòèòî÷å÷íûé øàáëîí

Ðàçíîñòíàÿ ñõåìà ñ âåñàìè íà ýòîì øàáëîíå èìååò âèä:

yt̄t = σŷx̄x + (1− 2σ)yx̄x + σy̌x̄x + f(x, t), x ∈ ωhτ , (1.4)
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ϑ(x, t) =

{
y(0, t) = u1(t)

y(l, t) = u2(t)
, (1.5)

y(x, 0) = u0(x), yt(x, 0) = ũ0(x). (1.6)

Â (1.4) ââåäåíû îáîçíà÷åíèÿ:

(yx̄x)
k+1
i =

yk+1
i+1 − 2yk+1

i + yk+1
i−1

h2 ,

ŷ = y(x, t + τ) = yk+1, y = y(x, t) = yk, y̌ = y(x, t− τ) = yk−1, fk = f(x, tk).

Äëÿ ïðîèçâîäíîé ïî t ôóíêöèÿ îïðåäåëÿåòñÿ àíàëîãè÷íî.
Óðàâíåíèå (1.4) èìååò ïîãðåøíîñòü àïïðîêñèìàöèè O(h2 + τ 2) .
Ïðåäïîëîæèì, ÷òî êðàåâûå óñëîâèÿ è íà÷àëüíîå óñëîâèå y(x, 0) = u0(x)

çàäàíû òî÷íî èëè ñ ïîãðåøíîñòüþ O(τ 2) . Èñïîëüçóÿ ïðåäñòàâëåíèå ïî
ôîðìóëå Òåéëîðà îïðåäåëèì ũ0(x) òàê, ÷òîáû ũ0(x) − ut(x, 0) = O(τ 2).
Ïîëó÷èì

ũ0(x) = ū0(x) + 0.5τ(u′′0(x) + f(x, 0)).

Òàêèì îáðàçîì, ïîëó÷èì âñþ ðàçíîñòíóþ ñõåìó ñ ïîãðåøíîñòüþ àïïðîê-
ñèìàöèè O(h2 + τ 2) .

Ïðè ïàðàìåòðå 0.25(1− h2

τ 2 ) ≤ σ , íàçûâàåìûì âåñîì, ðàçíîñòíàÿ ñõåìà
óñòîé÷èâà.

Çàìå÷àíèå 1.1. Â ïðàêòèêå âû÷èñëåíèé áåðóò îáû÷íî 0.25 ≤ σ ≤ 0.5 .

Íåÿâíûé ìåòîä (0.25 ≤ σ ≤ 0.5)

Áóäåì îïðåäåëÿòü ïðèáëèæåííîå ðåøåíèå ïî âðåìåííûì ñëîÿì. Ïîñëå
ïðèâåäåíèÿ ïîäîáíûõ ÷ëåíîâ â (1.4), ïîëó÷èì òðåõòî÷å÷íóþ êðàåâóþ çà-
äà÷ó:

σγ2yk+1
i+1 −(1+2σγ2)yk+1

i +σγ2yk+1
i−1 = −F k

i , i = 1, N − 1, k = 0, n0 − 1, (1.7)

yk+1
0 = u1(tk+1), y

k+1
N = u2(tk+1), k = 0, n0 − 1, (1.8)

{
y0

i = u0(xi), i = 0, N,

y1
i (x) = u0(xi) + τ ū0(xi) + 0.5τ 2(u′′0(xi) + f(xi, 0)).

(1.9)

Äëÿ îïðåäåëåíèÿ ðåøåíèÿ ýòîé çàäà÷è íà ñëåäóþùåì ñëîå ïî âðåìåíè
yk+1

i èç ïðåäûäóùåãî yk
i , çàäà÷à ðåøàåòñÿ ïðè êàæäîì k íà÷èíàÿ ñ k=0.

Â (1.7) ââåäåíû îáîçíà÷åíèÿ:
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F k
i = (2yk

i − yk−1
i ) + τ 2(1− 2σ))Λyk

i + στ 2Λyk−1
i + τ 2ϕk

i ,

γ =
τ

h
, ϕk

i = f(xi, tk), i = 1, N − 1,

Λyi =
yi−1 − 2yi + yi+1

h2 .

Ðåøåíèå íà k-ì âðåìåííîì ñëîå îáîçíà÷èì êàê Y k = [yk
0 , y

k
1 , . . . , y

k
N ]T .

Ðàçíîñòíàÿ ñõåìà (1.7) ïðè êàæäîì k ðåøàåòñÿ ìåòîäîì ïðîãîíêè.

Ìåòîä ïðîãîíêè
Äëÿ ðåøåíèè ñèñòåì ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé ìåòîäîì ïðî-

ãîíêè èñïîëüçóþòñÿ ñëåäóþùèå ðàñ÷åòíûå ôîðìóëû.
Ïðÿìîé õîä:

{
αj+1 = (Cj − Ajαj)

−1, α1 = 0, j = 1, N − 1,

βj+1 = (Cj − Ajαj)
−1(Fj + Ajβj), β1 = ϑ0.

(1.10)

Ðåçóëüòàòû αj, βj çàïîìèíàåì.
Îáðàòíûé õîä:

yi = αj+1yj+1 + βj+1, yN = gN , j = N − 1, 0. (1.11)

Ïîëó÷àåì äëÿ (1.7), (1.8), (1.9) ïðèáëèæåííîå ðåøåíèå: y =
(y0, y1, . . . , yN).

Çàìå÷àíèå 1.2. A = σγ2 = B, C = (1 + 2σγ2).

Àëãîðèòì íåÿâíîãî ìåòîäà
1) Îïðåäåëÿåì h, τ, N, n0, σ ñ ó÷åòîì ïîãðåøíîñòè ìåòîäà è çàäàííîé

òî÷íîñòè ε .
2) Çàäàåì êîýôôèöèåíòû ïðè íåèçâåñòíûõ yk+1

i â ëåâîé ÷àñòè ðàçíîñò-
íîé ñõåìû (1.7).

3) Çàäàåì êîýôôèöèåíòû ïðè íåèçâåñòíûõ yk
i â ïðàâîé ÷àñòè F k

i ðàç-
íîñòíîé ñõåìû (1.7).

4) Çàäàåì íà÷àëüíûå óñëîâèÿ

Y 0 = [y0
0, y

0
1, . . . , y

0
N ]T , Y 1 = [y1

0, y
1
1, . . . , y

1
N ]T .

5) Îáðàçóåì öèêë ïî âðåìåííûì ñëîÿì k = 2, n0 − 1.
6) Âíóòðè öèêëà ïðè êàæäîì çíà÷åíèè k èç êîýôôèöèåíòîâ ïóíêòà 3)

è ôóíêöèè ϕk
i = f(xi, tk), i = 1, N − 1 , îáðàçóåì ñåòî÷íóþ ôóíêöèþ

ïðàâîé ÷àñòè F k
i , i = 1, N − 1.
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7) Âíóòðè öèêëà ïðè êàæäîì çíà÷åíèè k çàäàåì êðàåâûå óñëîâèÿ èç
(1.8).

8) Ôîðìèðóåì ìàññèâû êîýôôèöèåíòîâ ëåâîé ÷àñòè èç ïóíêòà 2) è êðà-
åâûõ óñëîâèé èç ïóíêòà 7) ïîñòðîåííîé ðàçíîñòíîé ñõåìû (1.7).

9) Ìåòîäîì ïðîãîíêè ïîëó÷àåì ðåøåíèÿ íà êàæäîì âðåìåííîì ñëîå

Y k = [yk
0 , y

k
1 , . . . , y

k
N ]T

è ôîðìèðóåì îêîí÷àòåëüíîå ïðèáëèæåííîå ðåøåíèå çàäà÷è (1.1), (1.2),(1.3)
Y = [Y 0, Y 1, . . . , Y n0]T .

Ìàòðè÷íûé âàðèàíò íåÿâíîãî ìåòîäà

Ìàòðè÷íûé âàðèàíò ôîðìèðóåòñÿ èç (1.7) ïðè σ 6= 0 â âèäå:




BY k+1 = A1Y
k + A2Y

k−1 + F k, k = 1, N − 1,

Y 0 = U0(x),

Y 1 = Ū0(x).

(1.12)

Ýòî âåêòîðíîå ðåêóððåíòíîå óðàâíåíèå âòîðîãî ïîðÿäêà, â êîòîðîì äëÿ
ïîëó÷åíèÿ ðåøåíèÿ Y k+1 òðåáóåòñÿ çàäàâàòü Y k−1 è Y k , íà÷èíàÿ ñ çà-
äàííûõ íà÷àëüíûõ çíà÷åíèé.

Çäåñü ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ äëÿ âåêòîðîâ:
{

Y k = [yk
1 , y

k
2 , . . . , y

k
N−1]

T ,

F k = [τ 2ϕ̄k
1, τ

2ϕ̄k
2, . . . , τ

2ϕ̄k
N−2, τ

2ϕ̄k
N−1]

T ,

ãäå

ϕ̄k
α = ϕk

α +
(1− 2σ)

h2 uα(tk) +
σ

h2uα(tk−1) +
σ

h2uα(tk+1), α = 1, N − 1,

{
U0 = [u0(x1), u0(x2), . . . , u0(xN−1)]

T ,

U 1 = [y1
1, y

1
2, . . . , y

1
N−1]

T ,

y1
i = u0(xi) + τ ū0(xi) + 0.5τ 2

(
∂2u0(xi)

∂x2 + f(xi, 0)

)
, i = 1, N − 1,

tk = kτ, xi = ih, ϕk
i = f(xi, tk).

Â óðàâíåíèè (1.12) ÷åðåç ñèìâîëû B, A1, A2 îáîçíà÷åíû òðåõäèàãî-
íàëüíûå ìàòðèöû âèäà:
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M =




c a 0 . . . 0 0 0
a c a . . . 0 0 0
... ... ... . . . ... ... ...
0 0 0 . . . a c a
0 0 0 . . . 0 a c




,

ãäå äëÿ ìàòðèöû
B : a = −στ 2

h2 , c = 1 + 2
στ 2

h2 ,

A1 : a = (1− 2σ)
τ 2

h2 , c = 2(1− (1− 2σ))
τ 2

h2 ,

A2 : a =
στ 2

h2 , c = −1− 2
στ 2

h2 .

ßâíûé ìåòîä ( σ = 0 )

Ðàçíîñòíàÿ ñõåìà íà ýòîì øàáëîíå ïðèìåò âèä:

yt̄t = yx̄x + f(x, t), x ∈ ωhτ , (1.13)

ϑ(x, t) =

{
y(0, t) = u1(t)

y(l, t) = u2(t)
, (1.14)

y(x, 0) = u0(x), yt(x, 0) = ũ0(x). (1.15)

Áóäåì îïðåäåëÿòü ïðèáëèæåííîå ðåøåíèå ïî âðåìåííûì ñëîÿì yk =
[yk

0 , y
k
1 , . . . , y

k
N ]T , k = 0, n0 . Ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèé â (1.13),

ïîëó÷èì äâóõøàãîâîå ðåêóððåíòíîå óðàâíåíèå è çàäà÷ó äëÿ íåãî â èíäåêñ-
íîì âèäå:

yk+1
i = F k

i , i = 1, N − 1, k = 0, n0 − 1, (1.16)

ãäå
F k

i = (2yk
i − yk−1

i ) + τ 2Λyk
i + τ 2ϕk

i , i = 1, N − 1

yk+1
0 = u1(tk+1), yk+1

N = u2(tk+1), (1.17)

{
y0

i = u0(xi), i = 0, N,

y1
i (x) = u0(xi) + τ ū0(xi) + 0.5τ 2(u′′0(xi) + f(xi, 0)).

(1.18)
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Ìàòðè÷íûé âàðèàíò ÿâíîãî ìåòîäà ( σ = 0 )

Ìàòðè÷íûé âàðèàíò ôîðìèðóåòñÿ èç (1.13), (1.16), (1.18) ïðè σ = 0 â
âèäå:





Y k+1 = −Y k−1 + AY k + F k, k = 1, n0 − 1,

Y 0 = U0(x),

Y 1 = U0(x) + τŪ0(x) + 0.5τ 2V0(x).

(1.19)

Ýòî âåêòîðíîå ðåêóððåíòíîå óðàâíåíèå âòîðîãî ïîðÿäêà, â êîòîðîì äëÿ
ïîëó÷åíèÿ ðåøåíèÿ Y k+1 òðåáóåòñÿ çàäàâàòü Y k−1 è Y k , íà÷èíàÿ ñ çà-
äàííûõ íà÷àëüíûõ çíà÷åíèé.

Â (1.19) ââåäåíû ñëåäóþùèå îáîçíà÷åíèÿ äëÿ âåêòîðîâ:
{

Y k = [yk
1 , y

k
2 , . . . , y

k
N−1]

T ,

F k = [τ 2ϕ̄k
1, τ

2ϕ̄k
2, . . . , τ

2ϕ̄k
N−2, τ

2ϕ̄k
N−1]

T ,

ãäå
ϕ̄k

α = ϕk
α +

1

h2uα(tk), α = 1, N − 1,

{
U0 = [u0(x1), u0(x2), . . . , u0(xN−1)]

T ,

U 1 = [u0(x1), u0(x2), . . . , u0(xN−1)]
T ,

V0 =

[
∂2u0(x1)

∂x2 + ϕ0
1,

∂2u0(x2)

∂x2 + ϕ0
2, . . . ,

∂2u0(xN−1)

∂x2 + ϕ0
N−1

]
, i = 1, N − 1,

xi = ih, ϕ0
i = f(xi, 0).

Â óðàâíåíèè (1.19) ÷åðåç ñèìâîë A îáîçíà÷åíà òðåõäèàãîíàëüíàÿ ìàò-
ðèöà âèäà

A =




c a 0 . . . 0 0 0
a c a . . . 0 0 0
... ... ... . . . ... ... ...
0 0 0 . . . a c a
0 0 0 . . . 0 a c




,

ãäå
a =

τ 2

h2 , c = 2(1− τ 2

h2 ),

Ìåòîä ñ ôîðìóëàìè (1.16), (1.19) îáëàäàåò (óñëîâíîé) óñòîé÷èâîñòüþ ñ
óñëîâèåì τ < h . Ïîãðåøíîñòü ìåòîäà èìååò ïîðÿäîê 0(h2 + τ) .
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Çàäà÷è äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà

Çàäàíèå 1.

∂2u

∂t2
=

∂2u

∂x2 , G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 0.5,

u(x, 0) = 1.1(x2 + 1) sin πx,
∂u(x, 0)

∂t
= 0,

u(0, t) = 0, u(1, t) = 0.

Çàäàíèå 2.

∂2u

∂t2
=

∂2u

∂x2 , G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 0.2,

u(x, 0) = k sin
kπx

l
,

∂u(x, 0)

∂t
= kx sin

kπx

l
,

u(0, t) = 0, u(1, t) = 0.

Çàäàíèå 3.

∂2u

∂t2
=

∂2u

∂x2 + x + t, G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 1,

u(x, 0) = 1.5(x2 + 0.8) sin πx,
∂u(x, 0)

∂t
= 0.1x,

u(0, t) = 0, u(1, t) = 0.

Çàäàíèå 4.

∂2u

∂t2
=

∂2u

∂x2 + 2e−t cos x, G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 1,

u(x, 0) = cos x,
∂u(x, 0)

∂t
= − cos x,

u(0, t) = e−t, u(1, t) = e−t cos t.

Çàäàíèå 5.

∂2u

∂t2
=

∂2u

∂x2 − 2e−x cos t, G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 1,

9



u(x, 0) = e−x,
∂u(x, 0)

∂t
= 0,

u(0, t) = cos t, u(1, t) = e−1 cos t.

Çàäàíèå 6.

∂2u

∂t2
=

∂2u

∂x2 , G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 1,

u(x, 0) = sin 2πx + sin 4πx,
∂u(x, 0)

∂t
= 0,

u(0, t) = 0, u(1, t) = 0.

Çàäàíèå 7.

∂2u

∂t2
=

∂2u

∂x2 , G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 1,

u(x, 0) = x + 1,
∂u(x, 0)

∂t
= 0,

u(0, t) = t + 1, u(1, t) = t2 + 2.

Çàäàíèå 8.

∂2u

∂t2
=

∂2u

∂x2 + 1, G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 1.5,

u(x, 0) = 0,
∂u(x, 0)

∂t
= 1,

u(0, t) = t, u(1, t) = 1.

Çàäàíèå 9.

∂2u

∂t2
=

∂2u

∂x2 + x2 − t2, G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 0.5,

u(x, 0) = 1.5(x2 + 0.9)e−x,
∂u(x, 0)

∂t
= 0,

u(0, t) = 0, u(1, t) = 2.4e−t.
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2. Ðàçíîñòíûå ìåòîäû äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé
Ðàññìîòðèì êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â îäíî-

ìåðíîé îáëàñòè D = {(x, t) : 0 < x < l, 0 < t ≤ T} :

∂u(x, t)

∂t
=

∂2u(x, t)

∂x2 + f(x, t) (2.1)

Çàäàäèì ãðàíè÷íûå óñëîâèÿ

µ(x, t) =

{
u(0, t) = u1(t)

u(l, t) = u2(t)
, (2.2)

è íà÷àëüíûå äàííûå

u(x, 0) = u0(x). (2.3)

Äëÿ ïîñòðîåíèÿ ðàçíîñòíîãî ìåòîäà çàäà÷è (2.1), (2.2), (2.3) àïïðîêñè-
ìèðóåì çàäàííóþ îáëàñòü ñåòî÷íîé îáëàñòüþ:

ωhτ =
{
(xi, tk) : xi = ih, tk = kτ, i = 0, N, k = 0, n0, Nh = l, n0τ = T

}

ωhτ = ωhτ ∪ γhτ .

Çäåñü ωhτ � âíóòðåííèå òî÷êè ñåòî÷íîé îáëàñòè, γhτ � ãðàíè÷íûå òî÷êè
ñåòî÷íîé îáëàñòè, h, τ - øàãè ñåòêè àðãóìåíòîâ, âûáèðàåìûå èç óñëîâèé
çàäàííîé òî÷íîñòè ε , ïîðÿäêà ïîãðåøíîñòè çàäàííîãî ìåòîäà è óñëîâèé
óñòîé÷èâîñòè.

Íà ñåòêå ωhτ âûáèðàåì øåñòèòî÷å÷íûé øàáëîí (ðèñ.2).

t t t

t t t

(x− h, t) (x, t) (x + h, t)

(x− h, t + τ) (x, t + τ) (x + h, t + τ)

Ðèñ.2. Øåñòèòî÷å÷íûé øàáëîí

Ðàçíîñòíàÿ ñõåìà ñ âåñàìè íà ýòîì øàáëîíå èìååò âèä:
yk+1

i − yk
i

τ
= σ(yx̄x)

k+1
i +(1−σ)(yx̄x)

k
i +ϕ

k+1/2
i , i = 1, N − 1, k = 0, n0 − 1,

y0
i = u0(xi), i = 0, N,

yk+1
0 = uk+1

1 , yk+1
N = uk+1

2 , k = 0, n0, ϕ
k+1/2
i = f(xi, tk + 0.5τ).

Ïàðàìåòð σ íàçûâàþò âåñîì íåÿâíîé ðàçíîñòíîé ñõåìû.
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Íåÿâíûé ìåòîä

Áîëåå ïîäðîáíî â èíäåêñíîì âèäå ðàçíîñòíàÿ ñõåìà íåÿâíîãî ìåòîäà
èìååò âèä:

yk+1
i − yk

i

τ
= σ

yk+1
i+1 − 2yk+1

i + yk+1
i−1

h2 + (1− σ)
yk

i+1 − 2yk
i + yk

i−1

h2 + ϕ
k+1/2
i ,

ïðè i = 1, N − 1, k = 0, n0 − 1,

yk+1
0 = uk+1

1 , yk+1
N = uk+1

2 , yk
0 = uk

1, yk
N = uk

2, y0
i = u0(xi),

ïðè i = 0, N, k = 0, n0.
Äëÿ îïðåäåëåíèÿ ðåøåíèÿ íà ñëåäóþùåì øàãå ïî âðåìåíè yk+1

i èç
ïðåäûäóùåãî yk

i íàäî ðåøèòü òðåõòî÷å÷íóþ êðàåâóþ çàäà÷ó ïðè êàæäîì
k, íà÷èíàÿ ñ k=0:

y0
i = u0(xi), i = 0, N, k = 0, n0 − 1, − íà÷àëüíîå óñëîâèå,

{
σγyk+1

i+1 − (1 + 2σγ)yk+1
i + σγyk+1

i−1 = −F k
i , i = 1, N − 1,

yk+1
0 = u1(tk+1), y

k+1
N = u2(tk+1)

(2.4)

Çäåñü ââåäåíû îáîçíà÷åíèÿ

F k
i = (1− σ)γyk

i+1 + (1− 2γ(1− σ))yk
i + (1− σ)γyk

i−1 + τϕ
k+1/2
i ,

ãäå
γ =

τ

h2 , ϕ
k+1/2
i = f(xi, tk+0.5), i = 1, N − 1

Ðåøåíèå íà k-îì âðåìåííîì ñëîå îáîçíà÷èì ÷åðåç Y k =
[yk

0 , y
k
1 , . . . , y

k
N ]T .

Ðàçíîñòíàÿ ñõåìà áåçóñëîâíî óñòîé÷èâà.
Ïîãðåøíîñòü ìåòîäà äëÿ σ = 0.5 ïîðÿäêà O(h2 + τ 2) . Äëÿ σ 6= 0.5 �

O(h2 + τ) .
Ðàçíîñòíàÿ ñõåìà (2.4) ïðè êàæäîì k ðåøàåòñÿ ìåòîäîì ïðîãîíêè (ñì.

(1.10), (1.11)).

Àëãîðèòì íåÿâíîãî ìåòîäà

1) Îïðåäåëÿåì h, τ, N, n0, σ ñ ó÷åòîì ïîãðåøíîñòè ìåòîäà è çàäàííîé
òî÷íîñòè ðåøåíèÿ ε .

2) Çàäàåì êîýôôèöèåíòû ïðè íåèçâåñòíûõ yk+1
i â ëåâîé ÷àñòè ðàçíîñò-

íîé ñõåìû (2.4) .
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3) Çàäàåì êîýôôèöèåíòû ïðè íåèçâåñòíûõ yk
i â ïðàâîé ÷àñòè F k

i ðàç-
íîñòíîé ñõåìû (2.4).

4) Çàäàåì íà÷àëüíîå óñëîâèå Y 0 = [y0
0, y

0
1, . . . , y

0
N ]T .

5) Îáðàçóåì öèêë ïî âðåìåííûì ñëîÿì k = 0, n0 − 1 .
6) Âíóòðè öèêëà ïðè êàæäîì çíà÷åíèè k èç êîýôôèöèåíòîâ ïóíêòà 3) è

ôóíêöèè ϕ
k+1/2
i = f(xi, tk+0.5, i = 0, N − 1 , îáðàçóåì ñåòî÷íóþ ôóíêöèþ

ïðàâîé ÷àñòè F k
i , i = 0, N − 1 .

7) Âíóòðè öèêëà ïðè êàæäîì çíà÷åíèè k çàäàåì êðàåâûå óñëîâèÿ (2.4).
8) Ôîðìèðóåì ìàññèâû êîýôôèöèåíòîâ ëåâîé ÷àñòè èç ïóíêòà 2) è êðà-

åâûõ óñëîâèé èç ïóíêòà 7) ïîñòðîåííîé ðàçíîñòíîé ñõåìû (2.4).
9) Ìåòîäîì ïðîãîíêè ïîëó÷àåì ðåøåíèÿ íà êàæäîì âðåìåííîì ñëîå

Y k = [yk
0 , y

k
1 , . . . , y

k
N ]T è ôîðìèðóåì îêîí÷àòåëüíîå ïðèáëèæåííîå ðåøåíèå

çàäà÷è (2.1), (2.2), (2.3): Y = [Y 0, Y 1, . . . , Y n0]T .

Çàìå÷àíèå 2.1. Â ðàñ÷åòíûõ ôîðìóëàõ ìåòîäà ïðîãîíêè (1.10), (1.11)
êîýôôèöèåíòû A, B, C ìîãóò áûòü ïîñòîÿííûìè. Òàê äëÿ òðåõòî÷å÷íîé
êðàåâîé çàäà÷è (2.4) A = B = σγ, C = (1 + 2σγ). Ïðè ýòîì äëÿ êàæäîãî
k è i = j â (2.5), (2.6):

Fi = (1− σ)γyk
i+1 + (1− 2γ(1− σ))yk

i + (1− σ)γyk
i−1 + τϕ

k+1/2
i ,

ãäå
γ =

τ

h2 , ϕ
k+1/2
i = f(xi, tk+0.5), i = 1, N − 1

ϑ0 = yk+1
0 = u1(tk+1), gN = yk+1

N = u2(tk+1).
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Çàäà÷è äëÿ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà

Çàäàíèå 1.

∂u

∂t
=

∂2u

∂x2 + π sin(x, t) + x, G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 0.3,

u(x, 0) = 3x cos
πx

2
,

u(0, t) = 0, u(1, t) = 0.

Çàäàíèå 2.
∂u

∂t
=

∂2u

∂x2 , G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 0.01,

u(x, 0) = (1.1x2 + 2.1)e−x,

u(0, t) = 2.1, u(1, t) = 3.2e−1.

Çàäàíèå 3.

∂u

∂t
=

∂2u

∂x2 + 2 cos(x + t), G =

{
0 ≤ x ≤ π

2 ,

0 ≤ t ≤ 0.9,

u(x, 0) = cos x + sin x,

u(0, t) = cos t + sin t, u(
π

2
, t) = cos t− sin t.

Çàäàíèå 4.

∂u

∂t
=

∂2u

∂x2 + ex(1− t), G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 1,

u(x, 0) = 0,

u(0, t) = t, u(1, t) = te.

Çàäàíèå 5.

∂u

∂t
=

∂2u

∂x2 + 3t sin x, G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 0.02,

u(x, 0) = e−0.1x sin
πx

3
,
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u(0, t) = 0, u(1, t) = e−0.1 sin
π

3
.

Çàäàíèå 6.
∂u

∂t
=

∂2u

∂x2 , G =

{
0 ≤ x ≤ 1,

0 < t < ∞,

u(x, 0) = sin
πx

l
,

u(0, t) = 0, u(1, t) = 0.

Çàäàíèå 7.
∂u

∂t
=

∂2u

∂x2 , G =

{
0 ≤ x ≤ 1,

0 < t < ∞,

u(x, 0) = 2 sin
πx

l
+ sin

2πx

l
,

u(0, t) = 0, u(1, t) = 0.

Çàäàíèå 8.
∂u

∂t
=

∂2u

∂x2 , G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 0.1,

u(x, 0) = sin πx + sin 2πx,

u(0, t) = t2, u(1, t) = tet.

Çàäàíèå 9.

∂u

∂t
=

∂2u

∂x2 + sin x, G =

{
0 ≤ x ≤ 1,

0 ≤ t ≤ 0.2,

u(x, 0) = sin πx + sin 3πx,

u(0, t) = 0, u(1, t) = 0.
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3. Ðàçíîñòíûå ìåòîäû äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé

Äàíà çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà íà äâóìåðíîé ïðÿìî-
óãîëüíîé îáëàñòè G ñ ãðàíèöåé Ã.

G = {0 ≤ xα ≤ lα, α = 1, 2} , G = G + Γ,



∂2u
∂x2

1
+ ∂2u

∂x2
2

= −f(x), x = (x1, x2) ∈ G,

u(x)|Γ = µ(x) =

{
µ1(x2), 0 ≤ x2 ≤ l2, µ2(x1), 0 ≤ x1 ≤ l1,

µ3(x2), 0 ≤ x2 ≤ l2, µ4(x1), 0 ≤ x1 ≤ l1.

(3.1)

Äëÿ ïîñòðîåíèÿ ðàçíîñòíîé çàäà÷è îáëàñòü G àïïðîêñèìèðóåòñÿ ñåòî÷íîé
îáëàñòüþ:

ωh =
{
xα = iαhα, iα = 0, Nα, Nαhα = lα, α = 1, 2

}
, ωh = ωh ∪ γh. (3.2)

Ôóíêöèè f, µ1, µ2, µ3, µ4 àïïðîêñèìèðóþòñÿ ñåòî÷íûìè ôóíêöèÿìè.
Îïåðàòîð Ëàïëàñà àïïðîêñèìèðóåòñÿ íà ñåòêå ωh ðàçíîñòíûì îïåðàòîðîì:

∂2u

∂x2
1

+
∂2u

∂x2
2
≈ yx̄1,x1

+ yx̄2,x2
,

ãäå

(yx̄1,x1
+ yx̄2,x2

)i1,i2
=

1

h2
1
(yi1+1,i2 − 2yi1,i2 + yi1−1,i2)+

1

h2
2
(yi1,i2−1 − 2yi1,i2 + yi1,i2+1) ,

y = {yi1,i2}i1=0,N1,i2=0,N2
. (3.3)

Â ðåçóëüòàòå àïïðîêñèìàöèè çàäà÷è (3.1) ïîëó÷àåì ðàçíîñòíóþ ñõåìó
äëÿ çàäà÷è Äèðèõëå â îáëàñòè ωh ñ ãðàíèöåé γh :





yx̄1,x1
+ yx̄2,x2

= −fh, (x1, x2) = (ih1, ih2) ∈ ωh,

y(x)|γ = µ(x) =

{
µ0,j, 0 ≤ j ≤ N2, µi,N2

, 0 ≤ i ≤ N1,

µN1,j, 0 ≤ j ≤ N2, µi,0, 0 ≤ i ≤ N1.

(3.4)

ãäå ââåäåíû îáîçíà÷åíèÿ: i1 = i, i2 = j . Ðàçíîñòíàÿ çàäà÷à (3.4) äàåò ðå-
øåíèå çàäà÷è (3.1) ñ ïîãðåøíîñòüþ ïîðÿäêà |h|2 , ò.å. ‖uh − yh‖ = O(|h|2) ,
ãäå uh, yh � ñîîòâåòñòâåííî òî÷íîå è ïðèáëèæåííîå ðåøåíèå â óçëàõ ñåòêè
ωh , è |h| =

√
h2

1 + h2
2 .

Äëÿ ïðèìåíåíèÿ èòåðàöèîííûõ ìåòîäîâ ðåøåíèÿ, ðàçíîñòíàÿ ñõåìà (3.4)
ïðèâîäèòñÿ ê âåêòîðíîìó èëè èíäåêñíîìó âèäó.
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Ïðè èíäåêñíîì ïðåäñòàâëåíèè îáîçíà÷èì êîýôôèöèåíòû â (3.3) ÷åðåç

a = − 1

h2
1
, b = − 1

h2
2
, c =

2

h2
1

+
2

h2
1
. (3.5)

Òîãäà âñþ ðàçíîñòíóþ ñõåìó (3.4) ìîæíî çàïèñàòü â âèäå ñèñòåìû ëèíåé-
íûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ÑËÀÓ):

byi,j−1 + ayi−1,j + cyi,j + ayi+1,j + byi,j+1 = fij, (3.6)

i = 1, N1 − 1, j = 1, N2 − 1.

Âåêòîðíóþ ñòðóêòóðó ýòîé ÑËÀÓ ëåãêî âèäåòü íà ïðèìåðå N1 = 5, N2 = 4
(â ýòîé çàïèñè íóëè îïóùåíû):




c a b
a c a b

a c a b
a c b

b c a b
b a c a b

b a c a b
b a c b

b c a
b a c a

b a c a
b a c







y11
y21
y31
y41
y12
y22
y32
y42
y13
y23
y33
y43




=




f11 −aµ01 −bµ10
f21 bµ20
f31 bµ30
f41 −aµ41 −bµ40
f12 −aµ02
f22
f32
f42 −aµ42
f13 −aµ03 −bµ14
f23 bµ24
f33 bµ34
f43 −aµ43 −bµ44




(3.7)
Èç (3.7) ñëåäóåò, ÷òî ÑËÀÓ ïðåäñòàâëåíà â íîðìàëüíîé ôîðìå (ñëåâà

ìàòðèöà óìíîæàåòñÿ òîëüêî íà âåêòîð íåèçâåñòíûõ, ñïðàâà âåêòîð ñ çà-
äàííûìè ýëåìåíòàìè). Òàêèì îáðàçîì, ÑËÀÓ ïðèíèìàåò âåêòîðíûé âèä:

Ay = F. (3.8)

Äëÿ ðåøåíèÿ ÑËÀÓ (3.8) ïðèìåíÿåòñÿ ñëåäóþùàÿ èòåðàöèîííàÿ ñõåìà:

B
yk+1 − yk

τk+1
+ Ayk = 0, k = 0, 1, 2, . . . , y0 6= 0. (3.9)
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Ìåòîä âåðõíåé ðåëàêñàöèè

Ìåòîä âåðõíåé ðåëàêñàöèè (ÌÂÐ) � èòåðàöèîííûé ìåòîä ðåøåíèÿ çàäà-
÷è (3.4), êîòîðûé ÿâëÿåòñÿ ýêîíîìè÷íûì ìåòîäîì ïåðâîãî ïîðÿäêà è òðå-
áóåò ÷èñëî îïåðàöèé ïîðÿäêà O(|h|2) íà êàæäîé èòåðàöèè.

Åñëè â ÌÂÐ èñïîëüçîâàòü âåêòîðíóþ çàïèñü (3.7), (3.8), (3.9) ðàçíîñòíîé
ñõåìû è ìåòîäà åå ðåøåíèÿ, òî äëÿ ïîñòðîåíèÿ èòåðàöèîííîé ôîðìóëû,
ìàòðèöà A ïðåäñòàâëÿåòñÿ â âèäå ñóììû ìàòðèö:

A = A− + D + A+, (3.10)

ãäå A− è A+ � ñîîòâåòñòâåííî, ñòðîãî (áåç äèàãîíàëè) íèæíÿÿ è ñòðîãî
âåðõíÿÿ òðåõóãîëüíûå ìàòðèöû, D � äèàãîíàëüíàÿ ìàòðèöà.

Â (3.9) ìàòðèöà B äëÿ ÌÂÐ èìååò âèä B = D + ωA− . Ïàðàìåòð
τk+1 = ω .

Â âåêòîðíîé çàïèñè èòåðàöèîííàÿ ôîðìóëà ÌÂÐ äëÿ ëþáîãî íà÷àëüíîãî
âåêòîðà-ïðèáëèæåíèÿ y0 èìååò âèä:

yk+1 = yk − ωD−1(A−yk+1 + Dyk + A+yk − F ), k = 0, 1, 2, . . . , (3.11)

ω - ðåëàêñàöèîííûé ïàðàìåòð, ïîäáèðàåìûé íà èíòåðâàëå ω ∈ [1, 2).
Ïàðàìåòð ω ïîäáèðàåòñÿ òàêèì îáðàçîì, ÷òîáû ìèíèìèçèðîâàòü ÷èñëî

èòåðàöèé k0(ε) = min(k) äëÿ äîñòèæåíèÿ çàäàííîé òî÷íîñòè

‖z‖C = ‖y − u‖C = max
i,j

|yi,j − u(ih1, jh2)| ≤ ε.

Êðîìå òîãî, äëÿ îïðåäåëåíèÿ îïòèìàëüíîãî ω (âìåñòî ïîäáîðà) ìîæíî
èñïîëüçîâàòü ôîðìóëû:

δ =
2h2

2

h2
1 + h2

2
sin2 πh2

1

2l1
+

2h2
1

h2
1 + h2

2
sin2 πh2

2

2l2
, ω =

2

1 +
√

δ(2− δ)
. (3.12)

Ïðè ω = 1 èìååì ìåòîä Çåéäåëÿ.
Â èíäåêñíîì âèäå èòåðàöèîííàÿ ôîðìóëà ÌÂÐ ñ ó÷åòîì (3.5), (3.6), (3.7)

ïðèìåò âèä:




yk+1
i,j = yk

i,j − ωc−1(ayk+1
i−1,j + byk+1

i,j−1 + cyk
i,j + ayk

i+1,j + byk
i,j+1 − fi,j),

yi,0 = µi,0, yi,N2
= µi,N2

, i = 1, N1 − 1, k = 1, 2, . . .

y0,j = µ0,j, yN1,j = µN1,j, j = 1, N2 − 1.

(3.13)
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Îñòàíîâ èòåðàöèé äåëàåòñÿ ïðè äîñòèæåíèè íåðàâåíñòâà îïòèìàëüíîãî
÷èñëà èòåðàöèé

1

τδ
ln

(
1

ε

)
≤ k0 (ε) < k, ε = O

(
h2

1 + h2
2
)
,

ãäå
γ =

δ

1 + τδ + τ 2 · δ∆
4

, τ =
2√

δ(2− δ)
, ∆ = 2

(ïðè âûáðàííîì ïàðàìåòðå ω â (3.12)).
Èëè ïî íåâÿçêå

‖r‖ ≤ ε, ε = O
(
h2

1 + h2
2
)
,

ãäå

ri,j = ayk+1
i−1,j+byk+1

i,j−1+cyk
i,j+ayk

i+1,j+byk
i,j+1−fi,j, i = 1, N1 − 1, j = 1, N2 − 1.

Â ðåçóëüòàòå âû÷èñëåíèé ïîëó÷àåì äâóìåðíûé ìàññèâ:

y(x1, x2) ≈ u(x1, x2), (x1, x2) = (ih1, jh2) ∈ ωh.

Ïîïåðåìåííî-òðåóãîëüíûé ìåòîä

Ïîïåðåìåííî-òðåóãîëüíûé ìåòîä (ÏÒÌ) � èòåðàöèîííûé ìåòîä ðåøåíèÿ
çàäà÷è (3.1), êîòîðûé ÿâëÿåòñÿ ýêîíîìè÷íûì ìåòîäîì ïåðâîãî ïîðÿäêà è
òðåáóåò ÷èñëî îïåðàöèé ïîðÿäêà O(2 |h|2) íà êàæäîé èòåðàöèè. ×èñëî èòå-
ðàöèé ÏÒÌ ìåíüøå ÷èñëà èòåðàöèé ÌÂÐ. Äëÿ ÏÒÌ ìàòðèöà B â (3.9)
èìååò âèä

B = (E + ωR1)(E + ωR2) (3.14)

Â êà÷åñòâå R1 è R2 âîçüìåì âåðõíþþ è íèæíþþ òðåóãîëüíûå ìàò-
ðèöû: R1 + R2 = A . Äèàãîíàëè ó R1, R2 ðàâíû äèàãîíàëè ìàòðèöû A ,
äåëåííîé ïîïîëàì.

Èíäåêñíûé àëãîðèòì ÏÒÌ

1) Âû÷èñëÿåì δ, ∆, ω

δ =
4

h2
1
sin2 πh2

1

2l1
+

4

h2
2
sin2 πh2

2

2l2
, ∆ =

4

h2
1

+
4

h2
2
, ω =

2√
δ∆

.

2) Âû÷èñëÿåì êîýôôèöèåíòû ïðîìåæóòî÷íûõ ðåøåíèé w̄ è w

α =
ωh2

2

h2
1h

2
2 + ω(h2

1 + h2
2)

, v =
h2

1h
2
2

h2
1h

2
2 + ω(h2

1 + h2
2)

, β =
ωh2

1

h2
1h

2
2 + ω(h2

1 + h2
2)

.
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3) Âû÷èñëÿåì íåâÿçêó

(rk)i,j = rk(i, j) = ( 2
h2

1
+ 2

h2
2
)yk(i, j)− 1

h2
1
(yk(i− 1, j) + yk(i + 1, j))−

− 1
h2

2
(yk(i, j − 1) + yk(i, j + 1))− ϕ(i, j),

i = 1, N1 − 1, j = 1, N2 − 1, y(x)|γ = µ(x).

Çäåñü ââåäåíû îáîçíà÷åíèÿ yk
i,j = yk(i, j).

4) Âû÷èñëÿåì

w̄k(i, j) = αw̄k(i−1, j)+βw̄k(i, j−1)+vrk(i, j), i = 1, N1 − 1, j = 1, N2 − 1

ïðè óñëîâèÿõ íà ãðàíèöå w̄k(0, j) = 0, w̄k(i, 0) = 0.
5) Âû÷èñëÿåì

wk(i, j) = αwk(i+1, j)+βwk(i, j+1)+vw̄k(i, j), i = N1 − 1, 1, j = N2 − 1, 1

ïðè óñëîâèÿõ íà ãðàíèöå wk(N1, j) = 0, wk(i, N2) = 0.
6) Îïðåäåëÿåì ïàðàìåòð
τk+1 =

(rk, wk)

(Awk, wk)
, k = 1, 2, . . .

Äëÿ ýòîãî âû÷èñëÿåì:
a)

(Awk)i,j =
(

2
h2

1
+ 2

h2
2

)
wk(i, j)− 1

h2
1
(wk(i− 1, j) + wk(i + 1, j))−

− 1
h2

2
(wk(i, j − 1) + wk(i, j + 1)).

i = 1, N1 − 1, j = 1, N2 − 1.

b)

(rk, wk) =

N1−1∑
i=1

N2−1∑
j=1

rk(i, j), wk(i, j)h1h2.

c)

(Awk, wk) =

N1−1∑
i=1

N2−1∑
j=1

(Awk)i,j, wk(i, j)h1h2.

7) Î÷åðåäíîå k + 1 - îå ïðèáëèæåíèå äëÿ ðåøåíèÿ áóäåò

yk+1 = yk − τk+1wk.

8) Îñòàíîâ èòåðàöèé ïðîèñõîäèò ïðè óñëîâèè ‖rk‖ ≤ ε.
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Âåêòîðíûé àëãîðèòì ÏÒÌ

Ïîäñòàâëÿÿ â (3.9) ôàêòîðèçîâàííóþ ìàòðèöó (3.14) ïîëó÷èì

(E + wR1)(E + wR2)
yk+1 − yk

τk+1
+ Ayk = 0, k = 0, 1, 2, . . . , y0 6= 0.

Ââåäÿ îáîçíà÷åíèÿ wk =
yk+1 − yk

τk+1
, rk = Ayk − F è ïðîìåæóòî÷íóþ

âåëè÷èíó w̄k , ïîëó÷èì ôîðìóëû ÏÒÌ â âèäå ñèñòåì ÑËÀÓ äëÿ êàæäîé
k-îé èòåðàöèè: 




(E + ωR1)w̄k = rk,

(E + ωR2)wk = w̄k, k = 1, 2, . . .

yk+1 = yk − τk+1wk,

ãäå

ω =
2√
δ∆

, τk+1 =
(rk, wk)

(Awk, wk)
, δ =

4

h2
1
sin2 πh2

1

2l1
+

4

h2
2
sin2 πh2

2

2l2
, ∆ =

4

h2
1

+
4

h2
2
.

Îñòàíîâ èòåðàöèé ïðîèñõîäèò ïðè ‖rk‖ ≤ ε.

∥∥r2
k

∥∥ =

N1−1∑
i=1

N2−1∑
j=1

r2
k(i, j)h1h2 −

ñåòî÷íàÿ íîðìà äëÿ ñåòî÷íîé âåêòîð-ôóíêöèè.

Ìåòîä óñòàíîâëåíèÿ

Ìåòîä óñòàíîâëåíèÿ ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ìåòîäà ïðîñòîé èòåðà-
öèè äëÿ ÑËÀÓ (3.6). Åãî èäåÿ áàçèðóåòñÿ íà òîì, ÷òî ðåøåíèå ñòàöèîíàð-
íîé çàäà÷è (3.1) ìîæåò áûòü ïîëó÷åíî êàê ïðåäåë ïðè t → ∞ ðåøåíèÿ
íåñòàöèîíàðíîé çàäà÷è:

∂u

∂t
=

∂2u

∂x2 +
∂2u

∂y2 − f(x, y), (3.15)

u|t=0 = ϕ(x, y), u|Γ = ψ(x, y). (3.16)

Ïîñòðîèì ÿâíóþ ñõåìó äëÿ (3.15),(3.16).

up+1
j,k − up

j,k

τ
=

up
j,k+1 + up

j,k−1 + up
j+1,k + up

j−1,k − 4up
j,k

h2 + f p
j,k, p ≥ 0, (3.17)
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j, k = 1, N − 1

u0
j,k = ϕj,k, up

j,k|Γ = ψj,k, (3.18)

τ = rh2, r ≤ 1
4 . Èç ýòèõ ñîîòíîøåíèé ïîñëåäîâàòåëüíî ïî ñëîÿì p =

1, 2, . . . îïðåäåëèì up
j,k . Ìîæíî äîêàçàòü, ÷òî limp→∞

∣∣∣up
j,k − uj,k

∣∣∣ = 0.
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Çàäà÷è äëÿ óðàâíåíèé ýëëèïòè÷åñêîãî òèïà

Çàäàíèå 1.

G = {0 ≤ x ≤ 1; 0 ≤ y ≤ 1} , G = G + Γ,

∂2u

∂x2 +
∂2u

∂y2 = − sin2 πxy, (x, y) ∈ G,

u(x, y)|Γ =





sin πy, x = 0, 0 ≤ y ≤ 1

sin πy, x = 1, 0 ≤ y ≤ 1

x− x2, 0 ≤ x ≤ 1, y = 0

x− x2, 0 ≤ x ≤ 1, y = 1

Çàäàíèå 2.

G = {0 ≤ x ≤ 1; 0 ≤ y ≤ 1} , G = G + Γ,

∂2u

∂x2 +
∂2u

∂y2 = 0, (x, y) ∈ G,

u(x, y)|Γ =





30 sin πy, x = 0, 0 ≤ y ≤ 1

20y, x = 1, 0 ≤ y ≤ 1

20x, 0 ≤ x ≤ 1, y = 0

30x(1− x), 0 ≤ x ≤ 1, y = 1

Çàäàíèå 3.

G = {0 ≤ x ≤ 1; 0 ≤ y ≤ 1} , G = G + Γ,

∂2u

∂x2 +
∂2u

∂y2 = 0, (x, y) ∈ G,

u(x, y)|Γ =





40y2, x = 0, 0 ≤ y ≤ 1

40, x = 1, 0 ≤ y ≤ 1

40, 0 ≤ x ≤ 1, y = 0

40 sin πx
2 , 0 ≤ x ≤ 1, y = 1
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Çàäàíèå 4.

G = {0 ≤ x ≤ 1; 0 ≤ y ≤ 1} , G = G + Γ,

∂2u

∂x2 +
∂2u

∂y2 = −y, (x, y) ∈ G,

u(x, y)|Γ =





0, x = 0, 0 ≤ y ≤ 1

1, x = 1, 0 ≤ y ≤ 1

x3, 0 ≤ x ≤ 1, y = 0

x3, 0 ≤ x ≤ 1, y = 1

Çàäàíèå 5.

G = {0 ≤ x ≤ 1; 0 ≤ y ≤ 1} , G = G + Γ,

∂2u

∂x2 +
∂2u

∂y2 = −2, (x, y) ∈ G,

u(x, y)|Γ =





y2, x = 0, 0 ≤ y ≤ 1

(y − 1)2, x = 1, 0 ≤ y ≤ 1

x2, 0 ≤ x ≤ 1, y = 0

(x− 1)2, 0 ≤ x ≤ 1, y = 1

Çàäàíèå 6.

G = {0 ≤ x ≤ 1; 0 ≤ y ≤ 1} , G = G + Γ,

∂2u

∂x2 +
∂2u

∂y2 = 0, (x, y) ∈ G,

u(x, y)|Γ =





30y, x = 0, 0 ≤ y ≤ 1

30 cos πy
2 , x = 1, 0 ≤ y ≤ 1

30 cos πx
2 , 0 ≤ x ≤ 1, y = 0

30x, 0 ≤ x ≤ 1, y = 1
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Çàäàíèå 7.

G = {0 ≤ x ≤ 1.5; 0 ≤ y ≤ 1.5} , G = G + Γ,

∂2u

∂x2 +
∂2u

∂y2 = 0, (x, y) ∈ G,

u(x, y)|Γ =





y4, x = 0, 0 ≤ y ≤ 1.5

y4 − 13.5y2 + 5.0625, x = 1.5, 0 ≤ y ≤ 1.5

x4, 0 ≤ x ≤ 1.5, y = 0

x4 − 13.5x2 + 5.0625, 0 ≤ x ≤ 1.5, y = 1.5

Çàäàíèå 8.

G = {−1 ≤ x ≤ 0; 0 ≤ y ≤ 1} , G = G + Γ,

∂2u

∂x2 +
∂2u

∂y2 = (x2 + y2)exy, (x, y) ∈ G,

u(x, y)|Γ =





e−y, x = −1, 0 ≤ y ≤ 1

1, x = 0, 0 ≤ y ≤ 1

1, −1 ≤ x ≤ 0, y = 0

e−x, −1 ≤ x ≤ 0, y = 1

Çàäàíèå 9.

G = {0 ≤ x ≤ 1; 0 ≤ y ≤ 1} , G = G + Γ,

∂2u

∂x2 +
∂2u

∂y2 = 0, (x, y) ∈ G,

u(x, y)|Γ =





50 sin πy, x = 0, 0 ≤ y ≤ 1

30y2, x = 1, 0 ≤ y ≤ 1

30
√

x, 0 ≤ x ≤ 1, y = 0

50 sin πx, 0 ≤ x ≤ 1, y = 1
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Çàäàíèå 10.

G = {0 ≤ x ≤ 3; 0 ≤ y ≤ 3} , G = G + Γ,

∂2u

∂x2 +
∂2u

∂y2 = 2(x2 + y2), (x, y) ∈ G,

u(x, y)|Γ =





0, x = 0, 0 ≤ y ≤ 3

9y2, x = 3, 0 ≤ y ≤ 3

0, 0 ≤ x ≤ 3, y = 0

9x2, 0 ≤ x ≤ 3, y = 3
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